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ABSTRACT 

The aim of this thesis is to be a comprehensive and self-contained treatment of the known results 

on area minimizing double bubbles in constant curvature spaces. Difficult proofs of existence and 
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ing the reduction of the double bubble conjecture in spherical and hyperbolic space to a problem 
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measure) into three equal pieces consists of three half-hyperplanes meeting at the origin at 120°, and 

results due to the author and various collaborators on double bubbles it two- and three-dimensional 

tori. The theoretical background of these developments is surveyed in some detail. A proof of the 

isoperimetric property of spheres in the classical constant curvature space forms is presented. Var-

ious detailed appendices are provided with the hope that persons with little or no background in 

differential geometry or variational methods will be able to read and enjoy the entire thesis. 
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'Perche l' animo tuo tanto s' impiglia,' 

Disse il Maestro, 'che l' andare allenti?' 

Che ti fa cio che quivi si pispiglia? 

Vien rentro a me, e lascia dir le genti; 

Sta come torre ferma, che non crolla 

Giammai la cima per soffiar de' venti. 

Che sempre l' uomo in cui pensier rampolla 

Sopra pensier, da se dilunga il segno, 

Perche la foga l' un dell' altro insolla.' 

Dante Alighieri, Purgartorio V, 10-18 
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Chapter 1 

themes 

• 'Double bubbles'? 

• 'Spaces of constant curvature'? 

Bubbles are regions in a geometric space (like Euclidean space Rn) that minimize surface area 

given a volume constraint. 

The single bubble or isoperimetric problem seeks the least area way to enclose one volume in a 

given geometric space. 

The double bubble problem seeks the least area way to enclose and separate two given volumes 

in given geometric space - and so on. 

Greek mathematicians knew the solution to the isoperimetric problem in Euclidean space well 

before the start of the common era. The answer is that the least-area enclosure of a given volume 

is a sphere, or in two dimensions, a circle. Euler is credited with the first rigorous proof of the 

isopermetry of circles in the plane. In the mid-eighteen-hundreds, analysts Schwarz (see [47]) 

and Steiner (see [SO]) developed the methods that finally made possible a rigorous proof of the 

1 
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isoperimetry of spheres in three dimensions. The key idea in their arguments is that symmetrization 

always reduces perimeter. 

The idea of minimizing the surface area for given volume constraint(s) is a classic example of a 

variational problem. (We have some functional, namely area, defined on the space of all enclosures; 

we want to know which enclosures with a fixed volume are extrema for this functional.) This type 

of problem readily generalizes to spaces with non-Euclidean geometry. (The isoperimetry of spheres 

in the classical non-Euclidean spaces was first shown by Schmidt (see [ 46]) in the mid-nineteen-

hundreds.) 

The idea that bubbles or clusters of bubbles solve the least-area enclosure problem comes from 

our experience in the real world. Empiricism tells us that we should be able to restrict ourselves from 

the set of all enclosures, on which we impose very few constraints (say only that their boundaries 

be 'not too bad'), to a subset of enclosures that about which we can say something geometrically 

substantial. Thus, one of the primary tasks in this problem area was to characterize the geometry 

of minimizing idealized bubble clusters - an even higher-priority task was to say when a mini-

mizer for the least area problem exists. The basic geometrical properties of the smooth (regular) 

and non-smooth (singular) sets of minimizing bubble clusters also characterize a class of 'potential 

minimizers', which are said to satisfy regularity. This term is common in variational calculus and 

partial differential equations, mainly because it turns out that the solutions (minimizers) are usually 

smooth, that is, regular, almost everywhere. This was proved for the least-area enclosure problem by 

Almgren [25]; a more specific characterization of the geometry of minimizers was given by Taylor 

([53], [54]) and subsequently generalized by Brian White (unpublished). 

Once we understand regularity, the problem becomes mostly geometric (and/or computational). 

Even with regularity, we do not know whether there are a finite number of components in a minimiz-

ing bubble cluster, which regular clusters are stable in the sense that they stay regular under volume 

preserving variationsm, and at the bottom of it all, what shapes are actually minimizing. In non-
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standard geometries, the intuition gathered from every-day empiricism wears somewhat thin, and 

we may have to do some serious thinking to even come up with a reasonable conjecture. Computer 

simulations can be an aid to intuition. 

Spaces with constant curvature are among the simplest things that a geometer can study. This 

class includes the plane (see Figure 1.1), the sphere (see Figure 1.2), the hyperbolic plane (see 

Figurel.3), the cylinder, and the flat torus (rectangle or box with identified sides, as in Figures 1.4 

and 1.5), as well as the Euclidean, Spherical, and Hyperbolic spaces, and many other examples. 

Each of these geometrical spaces has the property of being 'pretty much the same' everywhere. 

This property gives us a relatively large set of tools. In particular, area minimizing bubble clusters 

in these spaces are described by regularity theorems similar to those proved for Euclidean space. 

However, a wide range of geometrical and topological complications unknown in Euclidean space 

make themselves felt in the more general category. These lead to new computational and theoretical 

challenges. 

Figure 1.1: The Euclidean plane, or rather a segment of it, shown here tiled with regular hexagons. 



CHAPTER 1. THEMES 4 

Figure 1.2: The sphere, filled with various media. This computer-generated image looks remarkably 

like a soap bubble. 

Plan of the Work Chapter 2 is a review of the results relevant to the subsequent chapters and in 

other ways important to this thesis. A proof of the minimizing property of spheres for the single 

bubble problem in the classical constant curvature spaces (spheres, Euclidean space, and hyperbolic 

space) is presented, and the known results on the regularity properties of minimizing bubble clusters 

are described. Chapter 3 reviews the known results on the structure of area-minimizing double 

bubbles. In Chapter 4 we present a partial solution to the double bubble for spherical space S3 

and hyperbolic space H3 • In Chapter 5 we present a solution to a special case of the double bubble 

problem for n-dimensional Gauss space (Rn with gaussian measure), namely the case in which the 

two given volumes each take up exactly one third of the volume of the whole space. (This is sort 

of an 'interlude' since even though this is a perfectly fine space of constant curvature, we won't be 

directly concerned with curvature properties of the space in this chapter. We do however rely on 

the known theory for spheres.) In Chapter 6 we present a (more or less complete) solution to the 

double bubble problem for the flat two torus T2 • In Chapter 7 we present a conjectured solution to 

the double bubble problem for the flat three torus T3 • And at the end we include a short chapter 

(really an epilog) that puts together all these various examples and talks in a general way about 
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Figure 1.3: The Hyperbolic plane, shown here tiled with regular pentagons. It is not possible to 

tile the Euclidean plane with regular pentagons, but we can use them to tile the hyperbolic plane 

because of the way it curves. In particular, the curvature causes areas to expand quickly as you 

move away from any point - the pentagons look like they are different shapes because of hyperbolic 

perspective; they are actually exact isometric copies of one another. 

what might be true about other related spaces. 
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Figure 1.4: The two-torus, viewed from above, with a motif similar to the one in which it it made its 

debut in popular culture back in 1979. Shots, ships, and asteroids that fly off of the screen on one 

side instantly reappear on the opposite side (similarly with top and bottom). 
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• 1j\ 
• 

11111 $ 'C?:::m 

Figure 1.5: The three-torus, viewed from inside. What appears to be multiple ships bearing down 

on multiple asteroids are actually all just one ship (ours) bearing down on one asteroid, viewed in 

'toroidal perspective'. Drawing based loosely on a screenshot from the Jeff Weeks/Geometry Center 

video, The Shape of Space [58] 
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Figure 1.6: Bubble Clusters 



Chapter 2 

general background 

Introduction 

The beginning. We want to get some feeling for the known results. Other than Euclidean space, 

the best-understood geometric spaces are the 'classical' non-Euclidean geometries. Understanding 

the geometry of these spaces and the basic theory of area-minimizing bubbles in them is what is 

emphasized in this chapter. 

The basics. We should know what the the simply connected spaces with constant curvature are 

and some of their basic properties, including their symmetries. These are the classical Euclidean 

and non-Euclidean geometries; they are collectively called constant curvature space forms. The basic 

properties of constant curvature space forms are reviewed in section 2.1. We should understand the 

important, well-known, result on the isoperimetric or 'single bubble' problem, which states that of 

regions with a fixed volume in constant curvature space forms, the ones with the least surface area 

are round balls. We will present a geometric proof of this fact in section 2.2. We should understand 

9 
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the basic results of geometric measure theory on the existence and regularity properties of solutions 

to surface area minimization problems when there are multiple volumes to enclose and separate. 

These results are reviewed in section 2.3. 

In this thesis we are primarily interested in understanding the case of two volumes, or the 'dou-

ble bubble' problem, and the historical development of this problem up to the current date. It is 

known that a 'standard double bubble', like that pictured in Figure 2.1, is the least surface area 

way to enclose and separate two given volumes in R3 [23], that the equivalent of up one dimension 

minimizes the analogue of surface area in R4 [41], and that higher dimensional versions minimize 

higher dimensional equivalents of surface area when the two volumes to be enclosed are disparate 

from one another in size. The popularly accepted conjecture is that the standard double bubble 

is the least surface area way to enclose and separate two arbitrary volumes in Euclidean spaces of 

arbitrary dimension. We conjecture that standard double bubbles (after being subjected to a subtle 

redefiniton) give the least surface area way to enclose and separate two given volumes in constant 

curvature space forms as well. (In Chapter 4 we give a partial proof that this is indeed the case in 

three dimensions.) We will present the necessary background specific to double bubbles in Chapter 

3. 

There are some basic features of the double bubble problem that are worth keeping in mind 

when reading the current chapter however. For constant curvature spaces, one of the key differences 

between the double bubble problem (and all problems with a higher number of volume constraits) 

and the single bubble problem is that when there are multi-volume constraints each region in a 

perimeter minimizing bubble cluster might be disconnected into a number of fragments. In an 

arbitrary geometric space, a minimizing single bubble might disconnect as well (see Figure 2.2). One 

way understand why single bubbles in constant curvature spaces do not disconnect is the regularity 

theorem of Taylor that we discuss in subsection 1.3. This theorem gives explicit conditions on the 

singular sets present in perimeter minimizing bubble clusters. In particular, in three dimensions, the 
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boundary surfaces for an area-minimizing bubble cluster always meet at one hundred and twenty 

degrees along analytic curves. Given a disconnected candidate solution to the single bubble problem, 

we can use a series of local isometries to move one of the components so that it touches another 

at a point. Since this transformation preserves area and perimeter and the final configuration violates 

regularity, neither the final configuration nor its preimage can be actually be minimizing. The geometry 

of the double bubble problem is considerably more complicated than the geometry of the single 

bubble problem. It is not true, for example, that we can simply translate components of a non-

standard double bubble to bring about a violation of regularity (see Figure 2.3 for a simple counter 

example). 

Each of the sections of this chapter and the next requires a good-sized amount of 'modern' ge-

ometry and analysis. Many of the ideas (symmetrization, instability, etc.) are straightforward and 

the reader should be able to get a fairly clear understanding of the theorems without undo difficulty. 

However, in the hopes that readers will also be able to familarize themselves with the proofs of these 

known results (which I am not squeamish about presenting more or less in full here, to what I hope 

will be the greater glory of their originators), the standard definitions and results of geometry and 

analysis needed for the full appreciation of the results of this chapter and its sequel are presented in 

the appendix. 

2.1 Constant Curvature Space Forms 

Charter We should understand what constant curvature space forms are and some of their basic 

properties, including their symmetries. We should understand why there are in some sense only 

three simply connected spaces with constant curvature. 

Three of the most useful geometric spaces in existence are Euclidean space, spherical space, and 

hyperbolic space (also sometimes called 'Lobachevski' space). These spaces are characterized by, 
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Figure 2.1: Standard Double Bubble 

Figure 2.2: Disconnected Single Bubble Minimizer 
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Figure 2.3: Non Standard Double Bubble 

among other things, having constant curvature of zero, one, and negative one, respectively. By cur-

vature we mean here the sectional curvature, which for the time being we will think of quite loosely 

as being 'a metric pi;:operty of two-dimensional subspaces of a given space'. (To speak precisely, 

sectional curvature is a property of two dimensional subspaces of a tangent space, that is, a local 

property; we will come to this below. We won't reason in a circle like this in proofs, but in making a 

first approach to the subject of sectional curvature for constant curvature space forms, it wouldn't be 

too bad to think first about the curvature properties of subspaces, or, more accurately, submanifolds 

- such as lines, planes, meridians, and great circles for example - and then make the switch to the 

correct local formulation when we need it.) 

We might mention at this point that there are very classical ways of characterizing these spaces 

that do not mention curvature. Non-Euclidean geometries were first developed at about the same 

time that modern geometry had its origins, and were studied using an amalgam of techniques. 

There are many books on non-Euclidean geometry, of which [3] seems to be very good for both 

mathematical and historical context. 

Here we will work from the basic modern definitions, and we start with Euclidean space Rn. 

Definition 2.1. We define n-dimensional Euclidean space Rn to be the real vector space made up of 
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n-tuples of real numbers, such as x = ( x1 , x2 , .•. , Xn), with addition and scalar multiplication defined 

element-wise, and with distance between points defined by 

We understand Rn to carry the metric topology and standard smooth structure (cf. the appendices). 

2.1.1 A detailed look at Euclidean space Rn 

In order to get anywhere in geometry we need to understand Euclidean space very well. The follow-

ing paragraphs specialize the general treatment of topology and geometry found in the appendix to 

review the standard facts about Euclidean space. 

1. We have curves, x(t) = (x1 (t), x2 (t), ... , Xn(t)), where t lies in some interval of real numbers. 

Curves are frequently taken to be smooth in the sense that each of the component functions Xk is 

smooth, i.e. infinitely differentiable. 

2. From this we get an extended (beyond the calculus 1 version) notion of differentiation, 

namely that of the tangent vector to a curve, written as x' ( t), and obtained by differentiating a 

curve component-wise, so that 

x' ( t) = ( ( t), ( t), ... , ( t)). 

3. We also have maps between sets in Rn and Rm, such as 

and these maps also have derivatives, this time requiring matrices to represent (so we have for 

example, the Jacobian, the Hessian, etc.). The maps are said to be of class Ck if the first k of these 

matrices are non-singular. 
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4. We look at the set of curves through a point x and say that C1 "'-'x C2 if their tangent vectors 

are the same at x. If we identify curves that "'-' x one another, the space of curves through the point 

x takes on a new identity, namely that of the tangent space to Rn at x, denoted TxRn. So we have 

tangent spaces, and lots of linear algebra. (This definition of the tangent space varies slightly from 

the one given in the appendix, but as discussed in Remark C.3, the two definitions are really the 

same. There we show that the tangent space to Rn at each point is an isomorphic copy of Rn.) The 

collection of all the tangent spaces is the tangent bundle, which we denote by TR n. 

5. We have the Euclidean metric 

dxi + + ... + 

defined on tangent spaces. The meaning of this is as follows: if (-, ·) denotes the standard inner 

product of vectors in Rn (that is,(-,·): Rn x Rn-+ R, (v,w) = VjWj) and if lp: TpRn-+ Rn 

denotes the isomorphism from TpRn to Rn, then standard Riemannian metric on Rn (the Euclidean 

metric) is defined by 

We often omit the 'tp's. At each point, the metric can be written in local coordinates, which fix a 

basis for the tangent space. In terms of this basis, the metric becomes 

where 9ii = 8ii. That is, at each point, the Euclidean metric can be represented by the identity 

matrix. 

And, the point of all this? Broadly speaking, we understand curvature to be a smooth function 

(actually a quadratic form) on the tangent spaces of a manifold. To understand what this means, 
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we have to understand how to reduce questions about smoothness in a given geometric space (i.e. 

a manifold) to questions about smoothness in Rn, and so we have to be comfortable doing the com-

putations in Rn, where the idea is that everything makes sense and is easy (or, as easy as its going 

to get). 

2.1.2 Spherical and hyperbolic spaces 

We define spherical and hyperbolic spaces as submanifolds of Euclidean space. 

Definition 2.2. We define (n - 1)-dimensional spherical space sn-l to be the set of points a distance 

one from the origin in Rn, carrying the (metric) topology induced by the metric topology on Rn and 

the smooth structure induced by the standard smooth structure on Rn. 

Definition 2.3. We define (n-1)-dimensional hyperbolic space Hn-l to be one sheet of a hyperboloid 

of two sheets 

(2.1) 

(so, this, wherever Xn > 0) in the pseudo-Euclidean space Rn-l,l which has the same point-set as 

Euclidean space but is given the pseudo-Euclidean metric 

dxi + + ... + - (2.2) 

(The pseudo-Euclidean metric here is defined along exactly the same lines as the Euclidean metric 

above.) We understand Hn-l to carry the same topology and smooth structure as Rn. 

Remark 2.1. We can change the geometrical properties of spherical and hyperbolic space slightly by 

purturbing the above definitions; keeping the rest of the definitions the same, we put sn-1 (p) equal 

to the sphere of radius p, and Hn- l (p) equal to one sheet of the hyperboloid defined by the equation 

2 2 2 2 2 
X1 + X2 + · · · + Xn-1 - Xn = -p · 
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Figure 2.4: One sheet of the hyperboloid of two sheets 

Visualizing higher dimensions and weird spaces. With all of this tricky abstraction at such an 

early stage in the game, it seems desirable to take a little time for reflection. The definitions above 

are, after all, supposed to be intuitive, in one way or another. The key is to figure out a way to 

actually think about everything geometrically. The basis for geometrical thinking is visualization 

and that is always lots of fun (one can do this lying on the couch with closed eyes). So for starters, 

how do we make sense of R4? 

I like to think of this is as space-time - not anything tricky, just nice Cartesian space going on 

forever in all directions, and nice Galilean time (for lack of a better word) attached to each point in 

space. So, each point has a clock attached to it, say, and these clocks are syncronized. I like to use 

the fact that R is homeomorphic to an open interval to make everything happen in one infinitely long 

day. Right now its noon, everywhere, but in a few minutes, it will be 12:03. Time's running out! but 

don't worry, it will take forever to get to 6pm (the scheduled time for our infinite day comes to an 

end). On the other hand, 1 :00 is coming up fairly soon, so we should be getting on with business. 

More dimensions are easy: add more hands to the clock - say a hand indicating temperature. Lets 

say that temperature ranges from an extremely chilly -90 degrees to an unendurably hot 120000. 

Right now, its about 80 degrees in Sarasota, which is nicely described by - not to be self-centered 



CHAPTER 2. GENERAL BACKGROUND 18 

or anything- (0, 0, 0, 1200, 80). Williamstown Massachusetts is located in R5 at (1, 0, 0, 1200, 60). On 

the far side of the moon it is (0, 15, 0, 1200, -60). Perpendicular in space to the plane determined 

by Williamstown, the moon, and Sarasota we find a point in the upper atmosphere of earth at 

(0, 0, 1, 1200, -35). 

Lets make things a little easier notationally and relabel the time and temperature axes so that 

12:00 is 0, and 80 degrees is zero. Then Sarasota is at (0, 0, 0, 0, 0), Williamstown is at (1, 0, 0, 0, -.12), 

the far side of the moon is at (0, 15, 0, 0, -3) and that special place in the upper atmosphere is 

(0, 0, 1, 0, -1.5). 

Ok, there. Now lets think about things geometrically. The most obvious thing is that Williamstown 

is pretty close to the north pole (1, 0, 0, 0, 0) of the unit sphere in R5 • The moon is not doing so well 

in this regard. The upper atmosphere is close to the sphere in most dimensions, but it would have 

to warm up a fair amount to make it. You might think about this as being sort of like the point 

(0, 1, -1.5) in three dimensions - which lies due west of the equator of the unit sphere. If the unit 

sphere in three dimensions was being modeled by the surface of a pool ball, that special place way 

up in the sky might be stuck to the point on the edge of an 8-ball sitting between your and the corner 

pocket. The far side of the moon might show up on the tip of your nose at (15, 0, -3), disturbing 

your concentration as you think about the shot. (If you are wondering how I chose the points in 

three space, the answer is that I projected onto the second, third, and fifth coordinates. I could have 

chosen a different model (a very loose sort of 'analogy') by projecting onto three different coordi-

nates. On the other hand what you're probably wondering is how I chose the setting, and in that 

case you only get a hint - its not really noon in Sarasota.) 

Anyway, fun and games aside, we have more exploring to do. We note that there are lots of 

different lower dimensional spheres. Everywhere the same distance from Sarasota as Sarasota is 

from Williamstown in the three-dimensional space given by the first three dimensions of R5 is a 

two-sphere, per usual. Everywhere that is this same distance from that special point in the upper 
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atmosphere is another two-sphere (and Sarasota is a point on its surface). If I worked on it a little, I 

could build a standard (2-)double bubble. Now, things get slightly more complicated as we note that 

the set of points everywhen a distance 1 from now (so, in terms of our original coordinate system, 

everywhere at 11 :00 am together with everywhere at 1 :00 pm) contains within it a set of points on the 

unit three-sphere - only two, actually - the point here an hour ago and the point here an hour into the 

future. These points are antipodal, being the poles of the sphere along the time axis. To interpolate 

between these points (i.e. to travel from one to the other and stay inside the sphere) we have to 

move just right. Let's say we were here an hour ago (not an unsafe assumption) and that we want 

to be here an hour from now (again, for most of us, this is a fair thing to say). What should we do? 

Should we sit around and wait? (Some people nod). Not if we want to traverse the three-sphere! 

Sitting here would take us through the center of the three-sphere, which would be fairly boring*. We 

have to travel to someplace a unit distance away in space in one hour and then get back in another 

hour. This means we are going to have to go fast. How can we get to Williamstown in an hour? 

Not much chance of that happening! Where can we go? Up, I suppose. But, thinking about this 

from a long-term perspective, that could be risky. The exercise would be better carried out starting 

in space, where we could designating some point clear of debris as (0,0,0,-1) and then come up on 

the point fast, and pass it, then gradually slow, turn, go back, and finally pass quickly through the 

point again at the designated time with no risk of bodily injury. Space also has the benefit of our 

being able to move in all directions, so we could visit any point on the two-sphere of directions in 

three-space that makes up the equator of the three-sphere. 

So that is the three-sphere. It only a little trickier to build a standard 3-double bubble (which is 

made out of pieces of three-spheres meeting one another at 120 degrees), but it might take a long 

time to sort out the details if one wanted to go from scratch - so I'll leave that as a visualization 

exercise for the reader, should he or she wish to wrack his or her brain. There will be a hint at the 
*Funny, am I not? - but in truth, the joke lacks content. 
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end of this paragraph for those who want the exercise to go more easily. 

By a similar construction, everywhere-when-temperature that interpolates at the right rate be-

tween points that are one Sarasota-to-Williamstown-length off, one hour off, and one degree off 

makes up the unit 4-sphere we were talking about a few minutes ago. Materially speaking, this is 

much easier to traverse, since we can start at one pole in the time dimension, cool things down 

quickly and then more slowly so that we are one degree colder than we were an hour ago, and then 

reverse the operation over the course of the following hour. One could also easily combine cooling 

with driving, and move along a different trajectory from pole to pole. Again, we would be able to 

see much more of the 4-sphere if we did everything in outer space. However, it is nice to know 

that there is some higher-dimensional object that we can navigate in our lifetime (with little risk). 

Indeed, such things actually show up all over the place when one is looking for them - so the moral of 

the story should be that higher dimensions can be useful as well as entertaining. 

As for hyperbolic space, I should say a few words about that here too. To understand this space 

in terms of our definition, we should first understand something about Rn-1,1 . To make things easy 

on ourselves at first we will restrict to the case that n = 4. We will think in a parallel way about 

the space R 3•1 and the space R 4 • Indeed, R 3•1 is often interpreted as another model for space-time 

- in this case, we have Cartesian space again, but Einsteinian or relativistic time [29]. Although 

we think of it as another model for space-time, we also need to keep the two different notions 

straight, so henceforth we will call R 3•1 by its official name Minkowski space, The way Minkowski 

space models space-time is as follows: we have assume the speed of light c is constant (usually we 

chose this constant to be 1) and we think of vectors in the space as ( x1, x2, x3, ct). The pseudo-norm 

(Minkowski length) lxl2 = xr - (ct)2 induced by the pseudo-Euclidean metric 2.2 gives us an 

immediate way to define the distance between points x = ( x1, x2, X3, ct1) and y = (Y1, Y2, y3, ct2) 

in R 3·1, namely d(x,y) = Ix - YI = -yi)2) - (cti - ct2)2; this is a global definition 

for distance, i.e. it works in much the same way as the Euclidean norm. Here however, distances 
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are allowed to be negative. The vectors with Minkowski length zero form a cone, since I · 12 is 

homogeneous. This cone is called the light cone, because points that move in straight lines away from 

the origin with the speed of light stay in the cone. It has two halves, the forward light cone, consisting 

of vectors with t > 0 and .the backward light cone, consisting of vectors with t < O (similarly, there 

are forward light cones and backward light cones centered at each point in Minkowski space). All 

vectors in the light cone are called light-like. Vectors with positive Minkowski length are called space-

like and vectors with negative Minkowski length are called time-like, where the names designate the 

coordinates that are dominant in the vector. The time-like vectors lie in region of R 3 ,1 'inside' the 

light cone. The physical interpretation is that particles can not travel faster than light, so tangent 

vectors must satisfy the inequality 12 = ( 
2 

- c :::; 0. Continuing in the physical vein, we 

assume that only particles with zero mass have light-like tangent vectors, and particles with positive 

mass have time-like tangent vectors. The arclength s = J: l 2 dr in the case of a particle moving 

with constant velocity becomes ftt
1

2 
) c2 - ( 

2 dr = ftt
1

2 c) 1 - dr = ct j 1 - t
2 

and 
ti 

s / c is interpreted as the amount of time the particle takes to travel between two points in space as 

seen by a fixed observer. If v -:f. 0, this measurement is the amount of time a clock traveling with 

the particle takes, scaled by a factor of j 1 - This is a basic property of special relativity; others 

follow similarly. Three-dimensional hyperbolic space consists of (half of) the vectors in R 3•1 with 

Minkowski length -1. This set is asymptotic to the light cone as t increases. One interpretation 

might be that hyperbolic space consists of all of the positions of a set of particles that explode out 

of the origin in R 3 at time t = 1, and their positions are then plotted with respect to time. The 

key idea is that the particles speed up as they fly outwards in space at a certain rate, and over time 

they approach the speed of light. They also spread out as they fly, so that the total mass along each 

direction goes to zero (assuming the particles were infinitesimal to begin with). 

The basic idea is that hyperbolic space spreads out from any given point very quickly, and that it 

essentially the same as Rn in all other respects. 
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Figure 2.5 shows some of the important features of the hyperbolic plane in the Poincare disk 

model (which does not look so terribly different from the hyperboloid - but it is different enough 

to warrent further investigation. Unfortunately we do not have time to show how to map between 

these representations in this thesis; we direct the interested reader to [16]. 

The first important feature of this model (which was also used to draw Figure 1.3) is that the 

boundary of the disk is at infinity, so we are looking at a truly infinite space, although it is captured 

in finite area. The other important feature of the model is that angles are correct. The circles in the 

interior of the space are circles (i.e. boundaries of metric balls in H2) although their centers are not 

always in the center of the circles as they are drawn here. The straight lines and pieces of circles 

that meeting the boundary of the disk at 90 degrees are geodesics. Geodesics that look like pieces 

of circles have an additional special name - hypocircles; we extend this term to all geodesics, and in 

the future will use these two terms more or less synonymously. If we changed coordinates, so that 

we were looking down straight onto what is currently the apex of a curved hypocircle, it would look 

straight - so the only time a distiction can be made is when we work with a given representation 

of the plane. Circles tangent to the boundary of the disk in the figure are not actually circles in the 

hyperbolic plane but horocircles; they do not have well-defined radii. These can not be unstuck from 

infinity by a coordinate change. A related fact that sheds some light on the situation is that two 

geodesics that appear to meet at infinity never actually intersect, but become arbitrarily close to one 

another. 

The picture is similar in three dimensions: things that look like pieces circles in this picture will 

become a pieces of spheres, the straight lines will become a flat disks, and the Poincare model itself 

will become a solid ball. The new vocabulary that goes along with the construction just replaces 

'sphere' everwhere 'circle' was found previously. Geodesics are again straight lines and pieces of 

circles that meet the boundary of the ball at 90 degrees. If we add more dimensions, the definitions 

and terminology develops along the same lines as it did here. 
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Figure 2.5: Horocircles, hypocircles, circles. 

One definition that really needs to be understood clearly in a number of places later on in the 

thesis is that of a hyperplane. In Rn, this is just an embedded isometric copy of Rn-1 • In Euclidean 

space, hyperplanes cut the space in two pieces: the line divides the plane, the plane divides space, 

space divides space-time (for example, everywhere-now is a hyperplane) and so on. Embedded 

isometric copies of Euclidean spaces with dimension less than n do not separate Rn - a line does 

not separate space, a plane does not separate space-time. This is seen to be true because a line 

will never seperate space and a line-always is a two-plane in space-time, whereas space-always is 

space-time. In other words, after rotating, at any given point in time a two-plane in space-time is 

just a line in space, so it doesn't ever space. Furthermore, by definition, a line-always goes on for 

all time, so it doesn't separate time either, and hence does not separate space-time. And similarly 

for higher dimensions. In spheres and in hyperbolic space, similar ideas apply - so, in the n-sphere, 

an equatorial (n - 1)-sphere is a hypersphere; in hyperbolic space, a (hyperbolic) (n - 1)-plane is 

a hyper-hyperbolic plane.). With tori, and other more tricky geometries, it is a little different, since 

here hyperplanes do not always cut the space in two. Hyperplanes are just one example of a broader 

category, namely hypersurfaces, which are embedded submanifolds of one dimension lower than the 

ambient manifold. 
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We will say one last thing about spheres. This is that sn is in general not only a hypersurface in 

Rn+l, but a hypersurface of revolution. That S2 is a surface of revolution probably does not come as a 

major revelation. The fact that S3 is a hypersurface of revolution may take a little explaining. First, 

lets walk through an illustrative example of rotation in S3 • From this example we will get the ideas 

we need to define hypersurfaces of revolution. 

There are two steps to the illustration. The first step should be familiar. Start with a half circle 

C with radius r in the upper half plane sitting on the x-axis. We revolve C around the x-axis 

and we call the set of points it hits '82'. Now the second step: we will take the upper half of 82 

(let's call it C') and perform similar operations to generate 83 • We will regard C' as sitting on R 2 

inside of which is itself sitting inside of R 4 • But we also keep in mind the idea of C' as sitting 

inside S3 (specificall, ·we will think of C' as half of an equatorial two-sphere). We now rotate C' 

by interpolating from each of its points in the manner described previously. What we see in R 4 

are images of C', getting smaller and earlier, all centered on the same point pin R 2 (i.e. the same 

point in space). Eventually these images shrink all the way down top (the time then is exactly -r), 

reemerge reflected across R 2, and begin to grow and get later again. When the the image in R 3 is 

equal to the reflection of C' across R 2 , the time is zero again. Now the images shrink down top 

again, getting later all the while, and when they hit p this time, the clock reads r. To make the final 

turn, the images grow again, and when they get back to C', the clock is back to zero; this completes 

the illustration. 

At this point it would be natural to ask what we have actually done. This is a question perhaps as 

much due to the fact that spheres are so fearfully symmetric as it is to the fact that we are working 

in four dimensions. But we also note is that there are some big differences between the lower-

dimensional case (the first step of the example) and the higher-dimensional case (the second step). 

The main difference that concerns us here is that none of the points on C' were fixed in the second 

step (whereas the two endpoints of C were fixed in the first step). Something that is fixed (in space-
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time) is the location of the point p, since its distance from itself is zero (and distance-from-p was the 

parameter we used to determine how far out in the time direction we had to go). If we now examine 

a surface with less symmetry - the top half of a cylinder for example - we can define a rotation about 

the (spatial) axis of symmetry of the full cylinder by treating each half-circle segment of the half-

cylinder in the same way we treated the meridinal segments of C'. Taking what we learn from this 

example, we can define the rotation into the fourth dimension for a rotationally symmetric surface 

S by treating each of the circles that make up S as if it was a meridian in the two-sphere sitting 

inside 53 • In particular, we can take 52 and viewing it as a subset of R3, think of it as being a surface 

of revolution about some fixed axis £. If we now rotate into the fourth dimension as described, we 

trace out a copy of the three sphere. As in the first step of the illustration, two points are fixed for 

the entire rotation, namely the points where £ intersects 52 • Since the time at these points is always 

zero, it might be fitting to call them East and West poles of the three sphere, since they lie on line 

that is perpendicular to the time axis (which we usually say runs north and south). 

Now, the hint for how to construct a standard 3-double bubble should make it very easy: start 

with a standard 2-double bubble and revolve it around its spatial axis of symmetry. 

2.1.3 Three constant curvature space forms. 

Given the intuitive definitions for Euclidean, spherical, and hyperbolic space we saw above, it may 

seem reasonable that they should have constant sectional curvature. (We're still thinking of this 

in very loose terms; the point being that we know intuitively which two dimensional subspaces of 

Rn, 5n, and Hn we will be looking at. They are the hyperplanes, equatorial spheres, or hyper-

hyperplanes.) 

A quick proof that the curvatures are constant and 'signed', so that Euclidean space has zero 

curvature, 5n has constant positive curvature, and Hn has constant negative curvature, will be given 

in this subsection. A simple corollary shows that by scaling the ambient Rn we can normalize the 
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curvature of sn-l to be 1 and by scaling the ambient Rn-l,l we can normalize the curvature of 

Hn-l to be -1. 

This suggests that there are in some sense only three constant curvature space forms. The exact 

sense in which this is true is that up to scaling these are the only simply connected spaces with constant 

curvature, i.e. that Rn, sn, and Hn are the only constant curvature spaces in which all loops are con-

tractible to a point, i.e. they are the only constant curvature space forms. (The fact that these spaces 

are all simply connected is easy to see, if one is good at visualizing things in many dimensions.) 

The proof that these are the only simply connected spaces with constant curvature is not particularly 

easy, and we omit it (see [12] or [59] for the details). 

We henceforth give the constant curvature space forms a new collective name, j<n, where the 

j( refers to the (Riemann) curvature (tensor), which is all that we need to specify in order to fix a 

particular constant curvature space form. 

The Manifold Curvatures. There is not much left to do but to plunge in and recall the official 

definitions. The various curvatures of Riemannian geometry are as incestuous and as plentiful could 

possibly be desired, so there could be a lot for us to recall if we liked; we will however try to be 

moderate. It may be helpful to refer to the appendix on Geometry Preliminaries when reading this 

section. 

Definition 2.4. We define the Riemann curvature operator R of a Riemannian manifold M = ( X, ( ·, ·)) 

with Levi-Civita connection V'Lc and commutator [·, ·] to be the map from vect(M) x vect(M) x 

vect(M) to vect(M) determined by the following action on vector fields: 

Remark 2.2. Note that R is local in the sense that (R(U, V)W)IP depends only on Ulp, VIP and WIP' 
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To be precise, in terms of local coordinates { ui}f=1 , we have 

(2.3) 

where the 's are functions from the manifold to the reals defined by 

R t d rt d rt r rt rr rt 
ijk = duk ik - du· ik + rk - ik rj· 

J r=l 
(2.4) 

The proof is just by expanding R ( , ) in terms of its definition and the definition of a 

connection (DefinitionC.11). From the definition of the Riemann curvature operator, this is 

(but [ , J is zero; we apply the definiton of the connection coefficients (Equation C.5) to the 

first two terms) 

(by additivity in the second component for derivations (Equation C.2) this is) 

= (\7LC - (\7LC 
duk iJ dum du· iJ dum 

m=l m=l J 

(combining the summations) 

(and by the Leibnitz rule for connections (Equation C.3) and the definition of the connection coeffi-

cients again this is) 

(which, upon collecting like terms, shows that the scalar coefficients are the defined by Equa-

tion 2.4.) 

Definition 2.5. With M as above, we define the Riemann curvature tensor to be the map 

(vect(M))4 x M 3 (U, V, W, X,p) (R(U, V)W, X)p ER. (2.5) 
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Remark 2.3. If we have local coordinates, the Riemann curvature tensor is locally computable in 

terms of the connection coefficients (and so, in terms of the metric). Using the local definition the 

Riemann curvature operator (Equations 2.3 and 2.4), we have 

(2.6) 

In particular, a computation in the appendix (Corollary C. l) shows that the connection coefficients 

all vanish in the case of Rn, which implies that the Riemann curvature tensor associated with Rn is 

identically zero. 

Definition 2.6. With Mas above, let p EM and 17 be vectors in TpM. Define 

= 

and define 

Finally, let 

K is the sectional curvature at p of the plane determined by and 17. 

Remark 2.4. The idea is that in K depends trivially on and 17, and p. For example, in Remark 

2.6 we saw that the Riemann curvature tensor on Rn is identically zero; this implies that the sectional 

curvature of Rn is identically zero. 

Rn, sn, and Hn have the right curvatures. We have already done the case of Euclidean space; as 

summarized in Remark 2.4, the sectional curvature of Rn is identically zero. We say that Euclidean 

space is flat. 

Now, spheres. Using stereographic projection from the north pole, 
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Figure 2.6: Stereographic projection 

By similar triangles in Figure 2.6, we have 

i.e. 

hence 

and 

Yk Uk 

P-Yn+i P 

lul2 - p2 
Yn+l = lul2 + p2 p, 

We put 'f} = (y1 , ... , Yn) and compute: 

dy 2 2 (p2 + lul 2)du - 2u(u ·du) 
= p (p2 + lul2)2 

3 u ·du 
dyn+l 4p (p2 + luj2)2 

and so 

4 (p2 + lul2)2idul2 - 4p2(u. du)2 
= 4p (p2 + lul2)4 

6 (u · du)2 
= 16p (p2 + lul2)4. 

29 
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Summing, we have 
- n+I 2 - 4 ldul2 

ds - dyk - 4p (p2 + lu21)2' 

i.e. 

/ d d ) 4<>jk 9ik = \ dui ' duk = (1 + lul2 / P2)2 · 

Using the formula for connection coefficients found in the appendix (Equation C.15), this implies 

that 

We now invite the reader to use the local formula for the Riemann curvature tensor (Equation 2.6) 

to show (by a long and nasty computation) that the sectional curvature of sn(p) is p. 

Finally, hyperbolic space. There are a couple of nice models for hyperbolic space: the disk model, 

and the upper half space model. It is sometimes helpful to be able to switch between the models. 

If we start with a disk with the metric 

4ldzl2 
ds = ( 1 - I z 12 I P2) 2 , 

then the sectional curvature will turn out to be -1/ p. We show that in the case p = 1, the sectional 

curvature is -1. It is preferential to work in R+. with the metric 

i.e., 

which implies that 

and so for j, k E { 1, ... , n - 1} we have 

ldul2 
ds = (un)2' 
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Therefore, when j f:. k we have 

( 
d d ) d -2 d R -,- -- = -(un) -

duk dui duk dui 

which implies by the definition of sectional curvature that K ( , . ) = -1 and similarly 
3 3 

( 
d d ) d -2 d R -,- --=-(un) -

dun duj dun duj 

so that K(-dd., _dd ) = -1. 
U3 Un 

Geodesics and Metric Balls. This paragraph mainly reviews and specializes material found in 

the appendix. We also define spherical coordinates for constant curvature space forms. 

The shortest paths between points are called geodesics. One can go through the derivations in 

some detail, but to summarize: in Euclidean space Rn, geodesics are straight lines; in spherical space 

sn, geodesics are 'S1's with the same curvature assn; and in hyperbolic space, geodesics are 'H1's 

with the same curvature as Hn. 

More generally, we have the following: 

Definition 2. 7. A submanifold T c M is totally geodesic if every geodesic in M that has an open 

segment in T never leaves T. 

Because the geodesics in are easy, it is easy to see what the totally geodesic submanifolds are; 

they are the k-dimensional planes or spheres with the same curvature as 
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For the. sake of understanding the next several section(s) we need to know what metric balls 

(also interchangably called disks) in 9{n look like. They are for the most part like balls or disks in 

Euclidean space. Disks on spheres are sometimes also called spherical caps, and they do not always 

look a lot like a disk in Euclidean space. Every round circle in S2 cuts off two spherical caps, so 

hemispheres as well as things both bigger and smaller are examples. 

Round balls are associated with a very convenient coordinate system, namely, spherical coor-

dinates. These are very easy to write down in 9{n [7, page 39]. If K > 0, we take (t, e) E 

[0,11"/y'K) x gn-1 , and if K :'.S 0 we take (t,e) E [O,oo) x sn-1 ; then there is some coordinate 

system with respect to which the metric can be written as 

ds2 = (dt) 2 + Si<(t)!del 2
, 

where Si< ( t) is the solution to the differential equation 

y" +Ky= 0, 

with the initial conditions 

SK(O) = 0, Sk(O) = 1. 

If K > 0, the solution is SK(t) = (I/v'.K) sin v'Kt, if K < 0, the solution is SK(t) = (I/F"J{) sinh FKt 

and if K = 0, the solution is t. 

This is a nice way to summarize facts that can be determined by direct calculation, using the 

coordinates x = p + te in Rn, x = (cost/p)p + (sint/p)e in sn(p), or (here we center on O) x = 
ptanh(t/2p)e in Hn(p) and then finding the differentials. 
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2.2 Isoperimetric problem in constant curvature 

space forms 

33 

Charter We should understand the know results on the 'single bubble' or isoperimetric problem, 

which states that of regions with a fixed volume in constant curvature space forms, the ones with 

the least surface area are round balls. 

In order to eliminate any potential confusion at such an early stage, and because it is at least 

somewhat relevant in the arguments which follow, the first note we'll make is that 'isoperimetric' 

(same-perimeter) is a fine, if somewhat obscure, name for the problem of finding the least perimeter 

needed to enclose afixed area. The key idea to the simple argument that proves this is that maximal 

area increases monotonically with perimeter. This is obvious for Euclidean and hyperbolic space; for 

spheres this is only true for volumes that take up up to half of the volume of the space, but after that, 

we switch to think of the other smaller volume as the one being enclosed, so the same argument 

applies. 

Here is the argument. Each perimeter P has a set of maximal-area objects S(P) associated 

to it. Obviously all the elements of S(P) must have the same area, which we'll call A. Change 

perspectives, and each area A has a set of perimeter-minimizing obects associated to it. We claim 

that this set is exactly S(P). The proof is that if p < P and there is some enclosure E with perimeter 

p and area A, so perimeter does not increase monotonically; this is a contradiction. 

There are in fact a number of other equivalent formulations of the isoperimetric problem, but 

the one we want to keep in the forefront of our minds is the cannonical 'least perimeter for a given 

area' version. More generally, we will talk about the domains with the least surface area for a given 

volume, where we think in terms of the following formal definitions. 

Definition 2.8. A domain in a manifold Mis an open set whose boundary fits the needs at hand; 
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usually our proofs only require that the boundaries be embedded C1 or C2 submanifolds. 

In defining domains, we need to pick something that works as a model for bubbles. In the 

later sections, when we work with more than one enclosed region, we will be allowing a lot of 

singular behavior on the boundaries, but at this stage we want regularity up front. This means, 

for example, that unlike Zenodorus and Pappus, we won't be thinking about how competative the 

Euclidean solids are with the sphere. In the much more general category we will be working with 

later, it is possible to show that the boundaries of competative single bubbles really are smooth, so 

our restrictive-seeming differentiability assumption will be vindicated. 

Definition 2.9. The volume of a domain n in Rn is the Lebesgue measure of n. We write µn(O) for 

the volume of a domain n. In volume is defined using the analogue of Lebesgue measure (see 

the appendix on Analysis). 

Remark 2.5. This is one of the reasons we require differentiability; we want to make the set of 

domains to be in the a-algebra of Lebesgue measurable subsets of Rn. (Or, for (R)n, in the analogous 

a-algebra.) 

Definition 2.10. We define the surface area of n to be the derivative at zero with respect to E of the 

volume of an E-tube around n (ant-tube nE is the set of points p E such that d(p, 0) ::::; t). We 

write this in symbols as 

Note that µn-l as surface area is the same as µn-l as (n - 1)-dimensional measure; Definition 

2.10 gives a way to restrict n-dimensional measure to (n - 1)-dimensional sets. However, as with 

the definition of volume, the definition of surface area relies on the assumption that our domains 

are bounded by differentiable curves. (We could have defined surface area with a slightly relaxed 

hypothesis; for example, piecewise differentiable would be ok.) Definition 2.10 is only the beginning 

of a sequence of very interesting things that can be done with tubes. See Gray [17] for some of the 
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Figure 2. 7: The Steiner symmetrization of a domain on the sphere. 

most important details. 

Theorem 2.1 (Isoperimetric property of metric balls). In constant curvature space forms, the do-

mains with least surface area that enclose a given volume are the metric balls. 

2.2.1 Proof of the isoperimetric property of round balls 

We present a proof with a fairly geometric flavor based on an argument due to Figiel, Lindenstrauss, 

and Milman [52] which covers the spherical case. This proof was first encountered by the author 

in the text of Chavel [8] where it is modified to treat the Euclidean and hyperbolic cases. This 

restatement of Theorem 2.1 is based on that found in Chavel (op. cit., page 283, Theorem 6. 7) 

although I prefer in the notation of Figiel et al. and I reproduce their argument for the spherical 

case. 

Restatement of Theorem 2.1. Let A be the closure of a domain in For a given A, let B be a 

closed metric ball in with the same volume as A. For every E > 0 let A" be the <:-tube in about 

A. Then 
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and consequentially, 

(2.8) 

Proof. The fact that Inequality 2. 7 is sufficient to prove Inequality 2.8 is an immediate consequence 

of our definition of surface area. We need some addititional definititions. For any bounded subset 

CC j(n we let 

r(C) = min{p; 3x E j(n: CC B(x, p)}. (2.9) 

The function r is continuous on the set of compact non-empty subsets of j(n with respect to the 

metric topology induced by the metric 

(2.10) 

Each bounded subset C of j(n then has a circumdisk 

circ( C) = the disk with radius r( C) containing C. (2.11) 

We define 

cent(C) =center of circ(C). (2.12) 

Note that with respect to 8, the volume functional µn is upper semi-continuous, ie. 

8(Ck,C) -t 0 => Iimsupµn(Ck) :S µn(C). (2.13) 
k-+oo 

Let r be a geodesic in j(n. For each x E r let 

Hx =the totally geodesic submanifold perpendicular tor at x. (2.14) 

Note that the map y r-+ µn-l (HY) is upper semi-continuous. 

For a compact subset C of j(n, for x E r we let 

(2.15) 
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and let 

nx ( C) = the disk in Hx centered at x with µn- l (DX ( C)) = µn- l (ex). (2.16) 

The set 

(2.17) 

is called the (Steiner) symmetrization of C with respect to r (see Figure 2.7). It follows from the 

definition of Riemannian measure and the fact that the cut locus of a point is a set of measure zero 

(see Chavel, pp. 113, 134), or just Fubini's theorem, that µn(arC) = µn(C). A basic but central 

fact in the proof is that circ( C) is invariant under symmetrization about geodesics that pass through 

cent(C). 

For the particular compact set A given in the statement of the theorem, we put 

(2.18) 

The assertion of the theorem is that disks with the same volume as A are in M(A) (see Inequality 

2. 7). The proof is broken into three main steps. 

1. For all compact A E J{n, there is an element of M(A) that is minimal for r. 

2. Given any compact A in J{n and geodesic r, arA c M(A). 

3. For any compact A E J{n which is not a disk, there exists a finite set {r 1, ... , r k} such that 

By steps 2 and 3, an r-minimal element of M(A) must be a disk. By step 1, an r-minimal element 

(which we may now fittingly call 'D') exists. 
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These steps are carried out in the following paragraphs. 

1. Existence of r-minimal element. It suffices to consider elements CE M(A) with r(C) < r(A), 

and by an isometry we can restrict further to those elements C with cent( C) = cent(A); we will call 

the set of lower-radius, concentrict sets m(A). With respect to the metric 8, the set m(A) is compact 

in the set of compact sets of :Rn . We consider a sequence of such sets Ck with r( Ck) converging 

to the infimum of the 'r's associated with sets in m(A). There is an associated subsequence which 

converges with respect to 8 to a limit which we'll call B. We want to show that B E M (A). 

For all 'f/ > 0, we trivially have B c B11 and BE c B 11+E, and hence for all k large enough, if E > 0, 

we have BE c Therefore since Bk E m(A) we have that 

(2.19) 

Hence 

(2.20) 

(2.21) 

(2.22) 

where 2.22 is true because A is compact. This shows that µn(B) :S µn(A). The upper semi-continuity 

of 8 implies that 

µn limsupµn(Bk) = µn(A), (2.23) 
k-+oo 

and so we are done with the first step. 

2. Symmetrization reduces measure of tubular neighborhood (non-compact case). We want 

to show that the symmetrization of A is in M (A). We need only show that 

t I.e. concircumcentric. 
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(o,{, ) 
\ 

Figure 2.8: w(y1, Y2, d(,\Yl (x1), Ay2(x2))) gives the distance between X1 and X2. 
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Fix a point o Er, and for any other pointy E r, let Ty denote parallel translation along r from 

y to o. Recall that for every point x E r we are letting Hx denote the totally geodesic subspace 

perpendicular tor at x (see Equation 2.14). We now define an isometry 

Ay: HY-+ H 0 

by 

Ay= exp0 t·l(drl ).L OTyO (expyt·l(drl ).L)-l 
dt (r-l(o)) dt (r-l(y)) 

(2.24) 

(This map makes sense because the inverse of expy maps points in the submanifold to tangent 

vectors; we then move these tangent vectors using Ty and project them backto the manifold using 

exp0 ; it is clearly an isometry because all of the (n - 1)-dimensional totally geodesic subspaces of 

have the same metric properties.) 

As illustrated in Figure 2.8, there is some function w : r x r x [O, oo) -+ R such that for x1 E HY 1 , 

x2 E HY2 we have 

(2.25) 

Recall that for a general compact set C c we are letting ex denote C n Hx. Equation 2.25 

implies that if Y1, Y2 E r and E > 0 such that d(y1, Y2) E then there is some number ry, depending 
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(n - 1)-dimensional subset Z of HY1 , thicken it in by E and then slice by HY2 • The result is the 

same as thickening Z by ry in HY1 and then projecting to HY2 .) 

Note that d(y1, y2 ) > E implies that for any (n - 1)-dimensional subset Z of HY1 that (Zc)Y2 = 0. 

Therefore, given E > 0, and y E r we have 

(AE)Y = LJ A;1 
O Az((Az)ri(z,y,E)), 

zEI' 
d(z,y)<c 

and of course we also have 

We have 

((arA)c)Y = LJ A;1 o Az(((arA)z)ri(z,y,c))· 
zEr 

d(z,y)<c 

µn-1((Ac)Y) µn-1 ( LJ A;1 
O Az((Az)17(z,y,c))) 

zEI' 
d(z,y)<E 

> sup µn-1 (Az(Az) 11(z,y,c))· 
zEI' 

d(z,y)<E 

(2.26) 

(2.27) 

(2.28) 

(2.29) 

Replacing A by arA in 2.28 and 2.29 yeilds equality, since A;1 o Az(((arA)z)ri(z,y,c)) is an (n - 1)-

dimensional disk centered at y. Assuming that Theorem 2.1 is true in dimension n - 1 means that 

and so we have 

(2.30) 

for all z E I', which implies 

(2.31) 

(2.32) 

(2.33) 
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Therefore, all y E r are such that 

(2.34) 

and so by further properties of the cut-locus (see Chavel [8], Equation (3.51) page 134) we have 

µn ( ( ar A) e) ::; µn ( Ae). 

2. Symmetrization reduces size of tubular neighborhood (Sphere case). Let A be a closed 

subset of sn-l and let 'Y be a half-circle on sn-l joining Xo with -xo. Let u be the midpoint of 'Y· 

Identify the sphere (the equator) with sn-2 (this preserves measure and distances). 

For every y E 'Y (y f- ± xo) we define a mapping Ty from onto = gn-2 by projecting 

along the meridians (that is, for x E S r y ( x) is the point on S which belongs to the half circle 

joining x0 , x, and -xo). 

There is a function f such that if X1 E and X2 E then 

(2.35) 

Hence for every Y1, Y2 E 'Y and E > 0 such that d(y1, Y1) ::; E, there is an 'f/ = rJ(Y1, Y2, E) 2:: 0 such 

that every subset C c has the property that 

(If d(y1, Y2) > Ethen Ce n = 0.) 

Hence for every E > 0 and y E 'Y, y f- ± x0, 

Now let B = a"A. We have automatically that 

(2.36) 

(2.37) 
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By the induction hypothesis (the theorem for n - 1) we get that 

(2.38) 

for all 'admissable' y, z, E. Since all the sets appearing in the union on the right-hand side of Equation 

2.37 are caps with the same center (i.e. u) we get by combining our equations that 

(2.39) 

(2.40) 

(2.41) 

So we have for every y f= ± x0 in 'Y that 

(2.42) 

and by Fubini's theorem, this implies that µn-1 (Be) µn-1 (Ac). 

3. Repeated symmetrization reduces radius. We want to show that we can reduce r by repeated 

symmetrization. So, suppose A is not a disk. We note that symmetrization with respect to a geodesic 

r through cent( A) maps circ(A) isometrically onto itself. Since ar pulls A off of the boundary and 

towards r whenever there are gaps in An Hx ar(A) (where we recentert ar(A) on cent(A) if 

necessary) can not contain all of 8(circ(A)). We will show that by successive symmetrizations, we 

can reduce the intersection with the boundary of circ(A) to nothing, and so reducer. 

If B c circ(A), B closed, and x E 8(circ(A)) \ B then x ar(B). 

If B c circ(A), B closed, and C is subset of 8(circ(A)) open with respect to the metric induced 

by d such that C n B = 0, then since C is open it contains a spherical cap subtended by some 
+I.e. recircumcenter 
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angle a > 0. If a > rr then C contains a pair of antipodal points. Symmetrizing with respect to 

the geodesic determined by this pair of points finishes the argument If a < rr then there is some r 

such that there exists some relatively open subset C' of 8(circ(A)) which is disjoint from ar(A) and 

subtends an angle 3a/2. This then is enough. QEF 

2.3 Existence and regularity 

Charter We should understand the known results on the existence and regularity of solutions to 

area minimization problems with multiple volume constraints. 

2.3.1 Generalized manifolds 

Geometric measure theory works with classes of geometric sets much more general than the class 

of manifolds. These generalizations were developed, it seems, for two main reasons: (1) Physics, 

since many phenomena exhibit behavior that is not smooth eg. bubble clusters, black holes, crystals, 

and so on; (2) Mathematics, since generalized manifolds arise naturally, in much the same way as 

generalized functions (i.e., distributions). Insofar as (1) and (2) are related (and it happily turns out 

that they are) we do a disservice to both if we do not note that the main place these extended ideas 

of manifolds are likely to be interesting is in mathematical physics, where they appear as solutions 

to differential equations (eg. the variational problems studied in this thesis). 

The idea is to use quite general geometrical objects at first and then show that when further 

natural constraints are imposed (eg. physically motivated ones), the only objects that satisfy the 

constraints are actually the nice (eg. smooth almost everywhere) things that we were expecting 

to see. This allows us to do away with potentially very dissatisfying hypotheses, such as 'if A has 

smooth boundary' (cf. Theorem 2.1 and Definition 2.8). This does not come cheaply. The sequence 

of definitions that follows assumes a basic familiarity with vector space duals, differential forms, and 
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measures, as might be gained by reading the appendices. 

Definition 2.11. We will denote by nm the space of C00 differential m-forms on Rn with compact 

support. 

Definition 2.12. We let nm denote the space of linear functionals on nm endowed with the weak 

topology, i.e. open sets are defined so that if { % } is a sequence in nm, it converges to 'I E nm if 

and only if Tj<.p -+ 'I<.p for all <.p E nm. An element of nm is called an m-dimensional current. 

Definition 2.13. We define the boundary of current by duality, that is, if 'I is an m-dimensional 

current, o'I is an (m - 1)-dimensional current defined by (o'I)(w) = 'I(dw) for all (m - 1)-forms w. 

Definition 2.14. We also define the pushforward of a rectifiable current using duality, so that that 

if 'I is an m-dimensional current and <.p : Rn -+ Rn then <.p* 'I is an m-dimensional current defined 

by <.p*'I(w) = 'I(<.p*w) for all m-forms w. 

Remark 2.6. We might have suspectated that <.p* and <.p* would turn out to be dual operations from 

the beginning. Definition 2.14 makes this precise. 

Definition 2.15. Form n, we define them-dimensional Hausdorff measure of A c Rn, denoted 

9-Cm(A), in terms of covering classes {C6} 6>o with the property that 815 E C15 implies 815 is countable 

and if 86 = {8j c Rn}j=1 then Ac and every 8j has r(8j) < 8, where r is the circumradius 

of 8j, defined by Equation 2.9. Letting am denote the Lebesgue measure of the closed unit ball in 

Rm, the Hausdorff measure of A is then given by 

(2.43) 

where the limit is seen to exist (in R u oo) because the infima do not decrease as 8 decreases. 

Definition 2.16. We say that a set A c Rn is an m-dimensional rectifiable set if A is 9-Cm-measurable, 

9-Cm(A) < oo, and 9-Cm-almost all of A is contained in the image of some countable collection of 

Lipschitz maps from Rm to Rn. 
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Remark 2.7. The set of smooth m-manifolds is clearly inside the set of rectifiable sets since by para-

compactness (and the rest of the definition) a smooth manifold is contained it the image of some 

countable collection of smooth maps from Rm. 

Tangent planes to a rectifiable set are defined 9-lm-almost everywhere. We can choose an orien-

tation for each tangent plane, and we then write its (now, ordered) basis of tangent vectors as the 

m-vector 3 = (x1 , ... , Xm)· 

Definition 2.17. An m-dimensional rectifiable current is an element S of nm that has compact sup-

port in nm and that is associated with a rectifiable set S with ordered basis of tangent vectors 3 in 

the sense that the action of s on w E nm is given by 

Sw = /, (w(x), B(x)) d9-lm. 
{xES} 

Ifµ: S-+ Z, we may define 

Sw = /, (w(x), B(x))µ(x) d9-lm; 
{xES} 

we then say that s has multiplicity µ. 

Remark 2.8. The general idea is to integrate some m-section of the m-tangent bundle over the un-

derlying set. It almost goes without saying that these ideas work very naturally for the set of smooth 

orientable manifolds, so that we find that set sitting inside of the set of rectifiable currents. In gen-

eral, if the underlying set we are working with does not admit some kind of global orientation, there 

could be trouble. Note that by Stokes' Theorem, the definition of boundary given above corresponds 

to the usual definition of boundary in the case of a rectifiable current that is associated to a smooth 

oriented manifold with boundary. 

It does not necessarily have to be the case that the boundary of a rectifiable current (Definition 

2.13) is again a rectifiable current. When this is the case give the current a special name. 

Definition 2.18. An integral current T is a rectifiable current whose boundary {)T is also a rectifiable 

current. 
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Definition 2.19. A locally integral current T is an element of Dm such that for all x E Rn there is 

some integral current S such that x supp(T - S). 

Definition 2.20. We define the mass norm (actually semi-norm) on Dm in terms of the comass norm 

on m-forms (Definition C.24) by 

M(T) = sup {Tw; sup {comass(w(x))}:::; l}. 
wEDrn a:-ERn 

We can compute the mass norm, for example, of the boundaries of bubble cluster components. 

Definition 2.21. A subset S of Rn is an (M, 0, <5)-minimal set (with respect to the null set) if it is 

bounded and any Lipschitz deformation <P of Rn that is equal to the identity outside of some 8-ball 

has the property that Jfm ( S) :::; Jfm ( <P ( S)). 

Definition 2.22. We may relax the previous definition and talk about (M, c, <5)-minimal sets (with 

respect to the null set), where c is some function of the form c(r) = era and the condition of the 

previous definition becomes Jem(S):::; (1 + c(r))Jem(<P(S)) for all r < 8. 

Remark 2.9. (M, c, 8)-minimal sets are rectifiable [25] and have other nice properties. 

2.3.2 Soap bubble clusters 

The statements of the theorems are as follows: 

Theorem 2.2 ('Existence of compact minimizing bubble clusters'). In given volumes v1 , ... , vm > 

0, there is a boundary mass-minimizing rectifable current comprised of bounded regions Vi with vol-

umes vi. 

This theorem was proved in the more general context of (M, c, <5)-minimal sets (which are also 

rectifiable sets, and so rectifiable currents) by Almgren [25]. The theorem motivates the following 

definition: 
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Definition 2.23. A bubble cluster is a disjoint union of bounded n-dimensional locally integral cur-

rents of multiplicty 1. 

If we denote the complement of the cluster C = Vi by v0 , there is a convenient expression 

for the surface area in terms of the mass norm, 

1 m 
Area(C) = 2 L M(8Vi). 

i=O 

(2.44) 

In [25], Almgren also proved a basic regularity result. 

Theorem 2.3 CA.lmgren Regularity'). A boundary-mass minimizing bubble cluster is bounded by 

ci,a surfaces almost everywhere. 

Note that where the surfaces are regular, a classical variational argument yeilds that they have 

constant mean curvature. Almgren's result been improved upon to give a more geometrical descrip-

tion of minimizers, with the first and best results in three dimensions by Taylor. 

Theorem 2.4 ('Taylor Regularity'). A soap bubble cluster in consists of real analytic constant-

mean curvature surfaces meeting smoothly in threes at one hundred and twenty degrees along 

smooth curves, which in turn meet in fours at angles of cos-1 ( -1/3) 109°. 

The curves described in Taylor's regularity theorem are called singular curves. The points at 

which these curves meet are singular points. 

Taylors' proof is in two pieces; the Euclidean case in [53] and a generalization in [54]. Both 

are increadibly difficult to read. The singular curves were only proved to be C1 ,a by Taylor; the 

analyticity came later; see Morgan [34] for a more complete overview of the history and proof. 

Morgan points out that this result has been partially extended to higher dimensions. 

Theorem 2.5 ('White's extension', unpublished)., Soap bubble clusters in Rn consist of smooth 

constant mean curvature hypersurfaces meeting in threes at one hundred and twenty degrees along 

smooth (n - 2)-dimensional hypersurfaces, which in turn meet in an (n - 4)-dimensional set. 
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Remark 2.10. Theorem 2.2 holds in any smooth Riemanian manifold with compact quotient by the 

isometry group. (As far as I know, this statement is a 'folk theorem'; the idea behind it it that we can 

pull all the pieces of a minimizer into some compact set where the general ideas of the theorems 

above can be applied.) It need not hold otherwise - for example, if there is a sequence of bumps 

with ever-increasing curvature headed off to infinity, any candidate minimizer could be improved 

upon by moving it to a different bump. The exact statement by Taylor is that the same results hold 

in a manifold with Holder continuously differentiable metric is; a discussion of the relationship of 

these two criteria would take us outside of the scope of this thesis. 

Pressure and curvature. One of the most important tools that we can use to study bubble clusters 

is a physically motivated condition, namely that pressures have to equilibrate. We use the phrase 

'pressures add' as short-hand for the longer phrase: the sum of the pressure differences around a 

singular curve or vertex is zero. This, combined with the fact that pressure difference across walls 

is proportional to curvature, gives us a useful geometrical tool. A simple proof that pressure is 

proportional to curvature follows, based on a letter from Miguel Carrion Alvarez. 

The basic principle of statics is that energy is minimized at equilibrium. In our case, surface 

tension is assumed to be constant throughout the whole system, and we have 

energy = (surface tension) * (total area). 

Work is the change in energy produced by motion. For example, 

work= torque* (angle rotated) 

work = force * displacement. 

By definition, 

pressure = force/ area. 
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Since we are in equilibrium the pressure difference across a wall 

pressure1 - pressure2 = ( force1 force2 ) /area 

has to be equal to 

(surface tension)/ area. 

Hence, if a bubble cluster changes its shape slightly, we have 

and so 

work = (surface tension) * (change in area) 

(pressure difference) * (change in volume) 

(pressure difference)= (surface tension)* (area change)/(volume change). 

From the appendix, we have 

(area change)/(volume change) =(mean curvature) 

whence, 

(pressure difference) = (surface tension) * (mean curvature). 
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The fact that pressure is higher for smaller volumes (and so smaller bubbles will curve into larger 

neighbors) is an experimental observation - made, for example, by Robert Boyle in the 1600's. The 

above argument provides geometrical intuition for this (smaller things should have higher curva-

ture) but not quite a proof. 



Chapter 3 

dbs in ccsfs 

Charter The known results on double bubbles in constant curvature space forms are to be pre-

sented here. (This chapter is based on the results of Michael Hutchings [22] and his collaborators 

[23], and others who have worked subsequently with these results ([10], [ 41].) 

In the previous two chapters, we became familiar with the geometry of J?n. We studied single 

bubbles and proved that metric balls give the least perimeter enclosure of a given volume. For 

the double bubble problem in J?n, the conjectured minimizer is more complicated; it is especially 

complicated in the negative curvature case. Figure 2.5 and the surrounding discussion motivates the 

following definition: 

Definition 3.1. A hypersphere-like submanifold of J?n is a sphere in the positive or zero curvature 

cases, and a sphere, a horosphere, or a hyposphere in the negative curvature case. 

Lemma 3.1. For prescribed volumes v and w, there is a unique double bubble in J?n, up to an 

isometry, that consists of three pieces of hypersphere-like submanifolds meeting at 120°. The outer 

caps are always pieces of spheres. This unique double bubble is called a standard double bubble. 

To prove this lemma, one has to consider hypersphere-like submanifolds with all of the possible 

50 



CHAPTER 3. DBS IN CCSFS 51 

curvatures and show that sticking them together at 120° yields all the possible volumes exactly once. 

Conjecture 3.1 (double bubble conjecture for j(n). The least-surface area way to enclose and sep-

arate two given volumes in j(n is the standard double bubble. 

The results of this chapter grew up mainly in the context of the double bubble problem it Rn, 

where the double bubble conjecture is known to be true for dimensions two [24], three [23], and 

four, and for some volumes in high dimensions [41]. However the conjecture has been thought of 

in the context of j(n for a long time. 

Michael Hutchings [22] produced two key simplications of the problem in this general setting. 

The first simplification applies ideas of symmetrization to show that a non-standard minimizer must 

be bounded by a surface of revolution. This parallels the symmetrization techniques used in the 

proof of the single bubble problem in Chapter 2. Once we have this rotational symmetry the ge-

ometry becomes simple enough that we might hope to characterize non-standard competitors. The 

primary question then is, exactly how many regions can a minimizing bubble have? The second 

key simplification is an explicit bound on the number of components of each region in terms of the 

volumes. This makes a complete characterization possible. Indeed if the bound tells us that the 

largest of the two regions is connected, the a variational argument developed in the R3 by Hutch-

ings, Morgan, Ritore and Ros, successfully applied in the R4 version of the problem by Reichardt 

et al. and revised to work in sn and Hn by Cotton and Freeman [10] can be applied to shows the 

instability of all remaining non-standard competitors. The two key simplifications of Hutchings and 

the instability argument for consta;nt curvature space forms will be described in this chapter. 

3.1 Hutchings structure theory 

Hutchings proved many results for m prescribed volumes. We need only two, but will do things in 

the general language when possible, because usually when it is possible it is also usually no harder. 
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Definition 3.2. We define the least-area function or isoperimetric profile of a given manifold M to 

be the map that takes a given volume to the surface area of a least-area enclosure in the space that 

contains the given volume. We denote this function by IM. 

More generally, we define the m-volume least-area function to be the map that takes m given 

volumes to the surface area of a least-area enclosure in the space that contains these volumes in 

separate chambers. We denote this function by IR}. 

We are especially interested in the two-volume least-area function, which we denote by the special 

symbol IIM. 

We frequently will drop the subscripts of these maps when there is no chance of this making 

things confusing. 

Remark 3.1. The isoperimetric profile is a primative of mean curvature for minimizers, i.e., 

dI(x)/dx = dAminimizer(x)/dx = Hminimizer(x). 

This is in fact a proof if you accept the second equality. The reason for that the equality is a simple 

variational argument (see [33] p. 15). 

3.1.1 Sytntnetry 

We saw in Chapter 2 how important symmetry was for solving the isoperimetric problem in constant 

curvature space forms. Symmetry is just as important for the double bubble problem, even though 

it is weaker (minimizing double bubbles are not spherically symmetric) and does not finish the job. 

For double bubbles, the central symmetry result is that if n 2: 3 any area-minimizing double bubble in 

Rn, sn or Hn is symmetric about some line. This is a corollary to the broader-reaching 

Theorem 3.1 (Symmetry Theorem). Let B be a minimal enclosure of m volumes in Rn. If mis 

less than or equal to n - 1 then B is symmetric about some m - 1 plane. 
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Figure 3.1: Hutchings' decomposition of Tp(R3 \A). 

Hutchings proves Theorem 3.1 in a series of lemmas. We will do the same, after introducing 

some notation. 

In the statement of the theorem and in all that follows, B is taken to be an n-dimensional 

rectifiable current made up of a disjoint collection of n-dimensional regions Vi, such that Vi has 

volume vi. Until we say otherwise, these regions may be broken into many disjoint components. 

Since it is area-minimizing its boundary is mainly made up of smooth manifold points. We let 

Breg denote the set of smooth manifold points in the boundary of B. 

Definition 3.3. Let A be an affine subspace of Rn with dim A ::; n - 2. We decompose the tangent 

bundle of Rn \ A as follows: 

(3.1) 

where PA are vectors parallel to A, NA are vectors normal to A, and RA are vectors that are 

perpendicular to both PA and NA. It is important that we exclude A, because the decomposition 

degenerates at points in A (see Figure 3.1). At a given point p E Rn\ A we write the associated 

decomposition of the tangent space in the same way, so Tp(Rn \A) = PpA EB NpA EB RpA. 

Remark 3.2. The case in which A is a line in R3 is illustrated in Figure 3.1. Here it is clear that RA 
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are vectors taken from vectorfields that determine a rotation about A. It works the same way in 

higher dimensions. For example, if A is a 2-plane in R4 then PpA is two dimensional, NpA is one 

dimensional, and so there is an extra dimension left over for RpA. 

Lemma 3.2 ('Infinitesimal Symmetry Implies Global Symmetry' ) . Let B be a minimizing enclo-

sure of m volumes in Rn, and let A be an affine subspace of Rn with dim(A) :::; n - 2. Suppose that 

for almost all p E Breg \ A that we have RpA c TpB. Then B is symmetric about A. 

Proof. Since dim A ::=:; n - 2, an object mapped to itself invariantly under rotations about A will also 

be mapped to itself invariantly under reflections about A. 

Let <p be a rotation about A. Our goal is to show that <p*8Vi = 8Vi for all i. By the definition 

of the pushforward of a current (Definition 2.14), this means that the boundary of Vi is fixed under 

rotation about A. 

Associated to <p is a one parameter group {'Pt} of rotations about A such that <p = <p1 . These 

induce a vector field Von Rn. If w is an (n - 1)-form on Rn, 

(8Vi, (di(V) + i(V)d)w) 

= (8Vi, dt(V)w) + (8Vi, i(V)dw) 

= (8Vi, i(V)dw), 

(3.2) 

(3.3) 

(3.4) 

where the equality between 3.3 and 3.4 is due to Stokes' theorem. If the members of this chain of 

equalities are equal to zero, then the value of the pairing is constant to first order at t = 0, and this 

implies that the pairing is constant for all t. If V(p) E TpB, Equation 3.4 implies that for almost all 

p E Breg n 8Vi we have 

(ivdw(p), 3(p)) = 0, (3.5) 

where 3(p) denotes the ordered basis of Tp(8B). This shows that the members of 3.4 are equal to 

zero. Since V(p) E RpA for all p and Rp(A) c TpB for almost all p E Breg such that p we 
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have 

(8Vi, w) = (8Vi, <.p*w) 

Since ( 8Vi, <.p* w) = ( <.p* 8Vi, w) by definition, this completes the proof. 
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(3.6) 

QEF 

Lemma 3.3 (Bisectors Orthogonal). Let B be a minimizing enclosure of m volumes in Rn, and 

let H be a hyperplane that bisects all of the Vi. Then H and Breg are orthogonal wherever they 

intersect. 

Proof. Let B+ and B_ be the halves of Bon either side of H. Since H bisects all of the regions, we 

can make a new cluster B+, equal to the union of B+ the reflection of B+ across H. The regions 0 
that make up B+ have the same volume as the Vi. Since Bis minimizing, area(B+) area(B), so 

area(B+) area(B_). Similarly, area(B_) 2: area(B+), hence they must be equal, and so we must 

have area(B+) =area(£)= area(B). 

Hence, B+ and area( ii:_) are minimizing too. By regularity, the tangent spaces to the regular 

points of B contained in H are either orthogonal to or parallel to H. 

The final step is to show that if B is tangent to H at a regular point then either B+ or ii:_ can be 

modified to decrease area. (This is enough because the tangent spaces will only be parallel to H at 

points where B+ is tangent to Hor at points where B+ and H do not intersect.) 

Note that Rn can be parameterized by H x R. If Dp(r) is a closed ball of radius r about p E H 

then Bis regular in Dp(r) x [-t:, t:] c H x R. Since Bis tangent to Hat p, chasing r small enough 

to have 

B n 8(Dp(r) x (-t:, t:]) C (8Dp(r) x [-t:, t:]) 

for small t:, and so that Dp(r) x {±t:} are in the same component of B+, we remove B+ from its 

intersection with Dp(r) x [-t:, t:] and add back 8Dp(r) x [-t:, t:]. This decreases area to the order of 

rn- 1 , and changes the areas of 0 of at most order t:rn- 1 • 

By a standard first variation argument, we can restore the volumes by adjusting the cluster 
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elsewhere, with an area increase of at most order crn-i. This is smaller than the initial increase for 

r sufficiently small. QEF 

Lemma 3.4 (Symmetry about intersections). Let B be a minimizing enclosure of m volumes in 

Rn. Let if k > 1 and Hi, ... , Hk be mutually orthogonal hyperplanes. If Bis symmetric about each 

Hi then B is symmetric about A = nf=i Hi. 

Proof. B maps to itself invariantly under reflection across each Hi, so also maps to itself invariantly 

under reflection across A. So every hyperplane containing A bisects vi, ... , vm. Since Breg meets 

its bisectors orthogonally wherever they intersect, and the directions perpendicular to all of the Hi 

are the directions of rotation about A, B is symmetric about A, because infinitesimal symmetry 

implies global symmetry. QEF 

Lemma 3.5 (Linear Algebra). If Ai and A 2 are affine subspaces of Rn with non-empty intersec-

tion, and p span(Ai, A2), then Rp(Ai n A2) = RpAi EB RpA2 

Proof. Any rotation fixing Ai or A2 fixes Ai n A2 so 

If 

then since 

and since 

and, lastly, since 
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we must have 

NpAi c PpAi EB PpA2. 

Since NpAi is perpendicular to PpAi and NpAi c PpA2, we must have p E span( Ai, A2). This 

contradicts our assumption, so we have the claim. QEF 

Lemma 3.6 (Assembly, Euclidean case). Let B be a minimizing enclosure of m volumes in Rn. 

Let H be a hyperplane, and let B+ and B_ be the two symmetrizations of B across H. Suppose that 

both B+ and B_ minimize area for the volumes they enclose. Let A+ and A_ be non-empty affine 

subspaces of H of dimension at most n - 2. If B±  is symmetric about A±  then A+ n A_ -:f. 0 and B 

is symmetric about A+ n A_. 

Proof. First note thet B n H is symmetric about Ai and A 2 in H. We immediately rule out the 

possibility that Ai n A2 = 0 since that would imply that B is not compact, which contradicts its 

minimality. To prove symmetry it is enough to show that for :J-Cn-2-almost every p E Breg such that 

p is not in Ai n A2 that 

We first show that for almost every p EB n H that is not in Ai n A2 that each of B, Bi and B2 

is regular at p and for these 'p's we have Rp(Ai n A2) c TpB. 

Since Bi is regular almost everywhere and is symmetric about Ai we know that almost every 

point in (Bin H) \Ai is regular. Hence almost every point of B n H that is not in either Ai or A2 

is a regular point of both Bi and B2 • Hence, by the Bisectors Orthogonal lemma (Lemma 3.3), we 

have that Bi and B 2 are orthogonal to Hat each p E (B n H) \(Ai U A 2 ), and so a small ball Dc(P) 

meets only two of the 'Vi's that make up B, so B is regular in Dc(P) except on a set of Hausdorff 

dimension at most n - 8. From this it follows that almost every point in (B n H) \(Aiu A2 ) is a 

regular point for B, Bi and B2, as we wanted. 

If U is a regular neighborhood of such a point, then by uniqueness of analytic continuation we 
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have 

Hence we have 

Rp(Ai), Rp(A2) c TpB 

for all p EU\ (Aiu A2). By the Linear Algebra lemma (Lemma 3.5), for all p E U \ H we have 

By continuity this holds for all p E U. 

Let Wi be the closed half-space in which Bi lies. Let Oi be the union of orbits under rotation 

about A2 whose intersection with H is contained in Ai. Note that Oi is half of a k-plane where 

k ::; dim(Ai) + 1. Define 0 2 similarly. By our work in the previous paragraph, for '.J{n-i_almost 

every p E (B n Wi) \ 0 2 there is a rotation cp about Ai such that cp(p) E H and cp(p) is a regular 

point for both B and Bi, and furthermore, Rp(Ai n A2) c TpB. Since Bi is invariant under cp and 

cp is a rotation about Ai n A2 it must be the case that Bis regular at p and that Rp(Ai n A2) c TpB. 

Similar statements can be made for almost every p E ( B n W2) \ Oi . 

Now suppose that p E Breg n Oi. Either there is some regular neighborhood of p contained in 

Oi or pis a limit of regular points of B not in Oi whose tangent spaces contain Rp(Ai n A2)· In 

the latter case, continuity implies that Rp(Ai n A2) c TpB. In the former case, using the rotation 

invariance of both Bi and B2, we must have that the point in Rn on either side of U lie in the same 

Vi so U can be removed to decrease area, contradicting the minimality of B. QEF 

We can now prove our big theorem. 

Proof of Symmetry Theorem 3.1. Since B is compact, we can apply the ham sandwich theorem to 

produce a hyperplane Hi that bisects all of the regions. By Assembly (Lemma 3.6) it is enough to 

show that each of the symmetrizations of B across Hi are symmetric about an (m - 1)-plane in 

Hi. Let Bi be one of the two possible symmetrizations. By the Borsuk-Ulam theorem, there is a 
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hyperplane H2 orthogonal to Hi that bisects all of the regions. By Assembly again, it is enough 

to show that each of the symmetrizations of Bi across H 2 is symmetric about an (m - 1)-plane in 

Hin H2. We let B2 be one of the two possible symmetrizations, and continue in this fashion until 

we have obtained hyperplanes Hi, ... ,Hn-m+l and a minimal cluster Bn-m+i· By Lemma 3.4 this 

cluster is symmetric about the (m - 1)-plane A= nHi. QEF 

Corollary 3.1. Let B be a minimal double bubble in Rn for n 2: 3 and let H c Rn be a hyperplane. 

If each symmetrization of B across H is area-minimizing for the volumes it encloses, then B is 

symmetric about a line in H. 

Proof. Use the symmetry theorem, starting with Hi = H. QEF 

3.1.2 Concavity of the least-area function 

In this subsection, 1m means them-volume least-area function associated with a constant curvature 

space form of arbitrary dimension, and II means the 2-volume least-area function associated with a 

constant curvature space form of arbitrary dimension. The proof of the main theorem in this section 

(Theorem 3.2) relies on the symmetry we have in constant curvature space forms, and does not 

apply when there are more than two prescribed volumes. We begin with a simple lemma that does 

hold for any number of prescribed volumes. 

Lemma 3. 7 ('Continuity'). For all m, 1m is a continuous function. 

Proof. Let C be a least-area bubble cluster for volumes vi, ... , vm. Add a small round ball of radius 

E somewhere away from the cluster, and say that it is now part of vi. This increases the volume of 

vi by less than E and increases surface area by less than c. This is an upper bound on the increase of 

surface area for a minimizing bubble cluster with volumes vi + c, v2 , ••• , vm, hence 1m is continuous 

in the first component, and so by the same argument, in all. 

QEF 
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Theorem 3.2 ('Concavity'). II is a concave function in the sense that if v and w are two pairs of 

volumes, then fort E (0, 1) 

II(tv + (1 - t)w) > tII(v) + (1 - t)II(w). 

Proof. We must prove that 

(3.7) 

for all t E (0, 1). For a contradiction, suppose not. 

By continuity, the function f defined by 

assumes a minimum on the interval [0,1] at some t0 • 

Let B be a minimizing cluster of two regions V and W, with volumes 

By the Symmetry Theorem (Theorem 3.1), Bis symmetric about some line£. 

We can parameterize the set of oriented hyperplanes in Rn by sn-1 x R, since each oriented 

hyperplane is determined by a normal direction and a distance from the origin in that direction. 

We define a map h+ from the set of oriented hyperplanes, so that given H E sn-1 x R we let 

H+ denote the upper half space determined by H, and we put 

h+(H) = (vol(V n H+), vol(W n H+)) E R 2 

Since regularity implies B is compact, h+ is continuous. 

By an isometry, we may assume O is in the line of symmetry l. We then choose x E sn-1 

perpendicular to l. The hyperplane determined by (x, r) E sn-l x R contains l if and only if r = 0, 

and is parallel to l otherwise. For all r E R we have that 

h+(x, r) + h+(x, -r) = (v, w), (3.9) 
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Figure 3.2: Cutting the bubble by oriented planes equidistant from f gives all the volume. 

since by symmetry the volumes that lie above ( x, r) are equal the volumes that lie below ( x, -r), 

hence the total ammount of volume collected by the two maps is equal to the total volume of the 

. bubble (see Figure 3.2). 

The line segment 

(3.10) 

in the volume plane has the property that either h+ (x, r) E k.. for some r =f. O or h+ (y x [O, oo)) E k.. 

whenever y is close to x. 

In both cases, there is a hyperplane Hx,t f such that 

Let 

ao = area(B n Hx,t) 

a_ area(B n H;,t)· 
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Replacing B n H;,t with the reflection of B n H:,t across H, we find that 

If we symmetrize in the other direction, we find that 

+ (to ( 2to - t)) II ( w1 , w2). 

Adding these, we get 

By the definition of the 'a's, this must be an equality, so each of the non-strict inequalities in the 

chain above must be equalities. 

We can therefore conclude that each symmetrization of B across Hx,t is minimizing for the 

enclosed volumes. 

By Corollary 3.1, Bis symmetric about some line f' c Hx,t· Since Bis compact, f and f' must 

intersect. But f f- f', so by applying the Assembly Lemma 3.6 to a hyperplane containing f and f' 

we get that B is a union of concentric spheres. Then B must contain only one sphere by regularity. 

So B encloses only one volume, and ( v1 , w1) both lie on the same coordinate axis in R 2• 

But II is strictly concave along any line through the origin, since (in general) by scaling 

I m(' \ ) _ \(n-1)/nJm( ) n AVl, ... , AVm - /\ n V1, ... , Vm (3.11) 

But this contradicts our assumption that II is not concave along this line. 
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This completes the proof in the case of Rn. For the other spaces, we just have some comments: 

the proof for Hn is essentially the same, the only significant thing that one must check is that 

f Hn is concave and this is very easy (see Lemma 3.8 in the next section); the theorem for sn is a 

straightforward rewording of the theorem for Rn- some things to note for the proof are (1) oriented 

hyperplanes in snare parameterized by sn, (2) instead oflooking at paths of the form h+(xx [O, oo)), 

we look at images of h+ under geodesics, and (3) we have strict concavity along the edge of the 

simplex { v1 + v2 + v3 = vol(Sn)} because in a minimal sphere dividing sn into two equal volumes, 

the pressure difference between the two regions decreases as two of the volumes become. 

QEF 

3.1.3 Connectivity (component bound) 

Lemma 3.8 ('Ratio of area to volume is decreasing for spheres'). In Rn, sn, and Hn, !if- is de-

creasing in x. 

Proof. We use the following standard formulas for area and volume as functions of radius Can is 

again the Lebesgue measure of the unit ball in Rn): 

Rn sn Hn 

Asp here nanrn nan sinn-l r nan sinhn-l r 

Working from the appendix on variational calculus, we have 

H - dAsphere - dAsphere ( r) I dr - ( r) 
sphere - - - , 

dVsphere dVsphere ( r) I dr Asphere ( r) 

By a very easy computation we get 

Rn sn Hn 

Hsphere n/r (n - 1) cot(r) (n - 1) coth(r) 

A glance at the graphs of these functions (on the appropriate domains) proves that mean curvature of 

spheres is a decreasing function of radius in each space. Since I ( x) is a primative of mean curvature, 
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Figure 3.3: Decomposition of a double bubble in which V has a component of volume x 

this proves that I is concave. From this we see directly that the ratio I ( x) / x is decreasing, since if I 

is is not decreasing, its slope is. QEF 

Lemma 3.9 ('Basic Estimate'). Consider a minimal enclosure of volumes v and win :Rn. Suppose 

that the region V has a connected component with volume x. Then 

v 
2II(v, w) I(w) + -I(x) + I(v + w). x 

Proof. From Figure 3.3, 

2II(v, w) II(v - x, w) + I(x) + II(v - x, w + x). (3.12) 

From Concavity (Theorem 3.2), with v1 = 0, v2 = v + w, w1 = v, w2 =wand t = x/v in Inequality 

3.7, we get 
v-x x 

II(v - x, w + x) --II(v, w) + -I(v + w), v v 

and again with v1 = 0, v2 = w, w1 = v, w2 =wand t = x/v we get 

v-x x 
II(v - x, w) --II(v, w) + -I(w). v v 

Substitution of these bounds into Inequality 3.12 gives our result, upon making the following rear-

rangements: 

2II(v, w) 

x 
=:;. 2-II(v, w) 

v 

v-x x v-x x > --II(v, w) + -I(w) + I(w)--II(v, w) + -I(v + w) v v v v 
x x x = 2II(v, w) - 2-II(v, w) + -I(w) + I(x) + -I(v + w) v v v 

x x > -I(w) + I(x) + -I(v + w). v v 
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Now divide through by x/v. QEF 

Remark 3.3. The theorem we just proved and the following corollaries work in any space where II 

is concave. 

Corollary 3.2. In a double bubble enclosing and separating the pair of volumes ( v, w) where ( v, w) 

satisfies 

F(v,w) = 2I G) + I(w) + I(v + w) - 2II(v,w) > 0, (3.13) 

V is connected. 

Proof. Suppose Inequality 3.13 holds. Let the smallest component of the region V be V1 • By concavity 

of II, (Theorem 3.2) we can apply the Basic Estimate (Lemma 3.9). This yields 

v -I(v1) ::; 2II(v, w) - I(w) - I(v + w). 
V1 

(3.14) 

Since the left hand side of this inequality is decreasing in v1 ::; v by Lemma 3.8, if v1 ::; v /2, we have 

v 
v/2I(v1) :S 2II(v, w) - I(w) - I(v + w) (3.15) 

i.e. 

2I(v1) ::; 2II(v, w) - I(w) - I(v + w) (3.16) 

i.e. 

2J(v1) - 2II(v, w) + I(w) + I(v + w) ::; 0, (3.17) 

which implies 

v 2!(2) - 2II(v, w) + I(w) + I(v + w) ::; 0, (3.18) 

which is a direct contradiction of Inequality 3.13. Therefore we must have v1 > v /2 and therefore 

the smallest component of V must have volume greater than half of the volume of V. Any other 

component would have to have still greater volume, which is impossible, so V must be connected. 

QEF 
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Essentially the same proof works to show 

Corollary 3.3 ('Component Bound'). If 

Fk(v,w) I(w) + I(v + w) - 2II(v,w) > 0, 

V has less than k components. 

3.2 Instability arguments 

Hutchings' result on the rotational symmetry of area minimizing double bubbles (Theorem 3.1 in the 

previous section) underlies a series of arguments that showed that area minimizing double bubbles 

are standard in R3 , R4, and for a range of volumes, in higher dimensions, as well as for equal 

volumes in 83 and H3 • The symmetry, plus the component bound that follows from symmetry by 

way of Concavity (Theorem 3.2), give key simplifications to the geometry of the problem. However, 

these results do not in and of themselves finish the task. 

Hutchings, Morgan, Ritore, and Ros [23] developed an instability argument that rules out all the 

non-standard double bubbles left after these simplifications. (One of the most important steps was 

to precisely describe which non-standard double bubbles were still possible.) Reichardt et al. [ 41] 

adapted the instability argument to R4, and Cotton and Freeman [10] generalized the Hutchings-

Morgan-Ritore-Ros-Reichardt instability argument to 83 and H3, to use in their proof for the equal 

volumes cases of the double bubble problem in these spaces. Not a lot has to change, but there are 

lots of details to check; we review the statements of the main theorems from Cotton and Freeman's 

REU report. 

3.2.1 Structure and Stability 

Lemma 3.10 ('Fundamental Instability Argument'). be a stable double bubble in Rn, 5n, or 

Hn. Let V be a vectorfield corresponding to some isometric motion of Rn, 5n, or Hn. Suppose that 
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the points where V is tangent to 'E separate the bubble into at least four pieces. Then the normal 

component of V vanishes on any smooth component of 'E. 

Lemma 3.11. Consider a stable double bubble of revolution 'E c sn, n ;::::: 3 with a piecewise smooth 

generating curve r = uri such that ri end either on the axis or meet in threes at vertices Vijk· Let 

the axis of symmetry be denoted by f. At each p E ur i let N (p) denote the geodesic normal to r at 

p. Consider the map 

f : ur i :;, p i-t N (p) n e c f (3.19) 

(that is, f takes p to the pair of antipodal points on f that are determined by intersecting f, with the 

geodesic normal tor at p). Let {Pi}i=l, .. .,k be the smallest set of points in uri that separates r with 

the additional property that f maps all of the 'p/s to the same pair of antipodal points, which we 

call (x, x'). Then every connected component of 'E which contains one of the points Pi is part of a 

sphere centered at x (and x'). 

Definition 3.4. Two geodesics in Hn are parallel if they do not intersect but for any positive € there 

is a point on each line such that the distance between the two points is less than €. 

Definition 3.5. Two geodesics in Hn are disjoint if they do not intersect and are not parallel. 

Lemma 3.12. Consider a stable double bubble of revolution 'E c Hn, n ;::::: 3 with generating curve 

rand axis of symmetry fas in the previous lemma. We let l denote f u {-oo, oo }. At each p E uri 

we again let N (p) denote the geodesic normal to r at p, and we consider the map 

f: uri -t {0,1} x l, 

defined so that 

• if N(p) intersects f then f maps p to (0, N(p) n £), 

• if N(p) is parallel f then f maps p to ±oo, depending on which end off comes arbitrarily close 

to N(p), 
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• if N (p) and £ are disjoint, there is a unique line f' which intersects both £ and N (p) orthogo-

nally, and f maps p to (1, f' n £). 

Let {Pih=1, ... ,k be the smallest set of points in uri that separates r with the additional property that 

f maps all of the 'p/s to the same point, which we call x. Then every connected component 

which contains one of the points Pi is part of 

• a sphere centered at the second coordinate of x when xis of the form (0, q) with q E £, 

• part of a horosphere centered at one end of£ if x = ±oo 

• part of a hyposphere intersecting£ orthogonally if xis of the form (1, q) with q E £. 

In the hypospherical case, the hyposphere in question is generated by revolving a hypocircle that is 

a constant distance from the perpendicular to£ through q about£. 

3.2.2 Criteria for standardness 

Given enough connectedness, the characterization of stable bubbles appearing above provides the 

geometrical engine that proves the double bubble theorem in constant curvature space forms. The 

idea is that the propositions above limit the possibilities for a non-standard double bubble with 

enough connectivity to be among some set of double bubbles that we can apply some volume and 

perimeter preserving variation to that brings about a violation of regularity. (It is the role of the 

Fundamental Instability Argument to carrying out this final critical step.) 

Corollary 3.4 {Structure Summary). In Rn, sn, or Hn, any ri (as above) which can be discon-

nected by removing one point in its interior is a constant curvature arc which, if completed, would 

hit the axis of rotation f, orthogonally. In Rn it is a piece of a circle; similarly in sn; and in Hn it is a 

piece of a circle, horocycle, or hypercircle. 

Adapting an argument from the William's honors thesis of Joel Foisy [?] about on double bubbles 

in R3, Cotton and Freeman showed that an area minimizing double bubble in Hn intersects its axis 
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of symmetry. With the addition of this final piece, Cotton and Freeman then had the right tools to 

prove: 

Criterion for standardness in Hn. An area minimizing double bubble in Hn in which both re-

gions are connected must be the standard double bubble. 

Criterion for standardness in sn. An area minimizing double bubble in sn in which both regions 

and the exterior are connected must be the standard double bubble. 



Chapter 4 

s3h3 

The culmination of the previous chapter was that 

• If both enclosed regions and the exterior are connected, an area minimizing double bubble in 

sn is standard. 

• If both enclosed regions are connected, an area minimizing double bubble in Hn must be the 

standard double bubble. 

The other culmination of the previous chapter (which took place in an earlier section) was that 

we have a criterion for connectivity, Proposition 3.2. That proposition said that if 

v 
21(2) + I(w) + I(v + w) > 2II(v, w) (4.1) 

then the region containing volume v is connected. We can check this criterion by plotting 

21G) +I(w)+I(v+w) (4.2) 

and 

2ll(v, w), (4.3) 

70 
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(where iI(v, w) gives the surface area of a standard double bubble containing volumes v and w, and 

so an upper bound on II ( v, w)) and comparing the plots to see which function is bigger. In fact, 

both 4.2 and 4.3 are increasing functions in both variables (in H3 ; in S3 , they are only increasing 

on a certain range). Where the functions are increasing, there won't be 'jumps' between plotted 

points. Hence to plot these functions is to prove the double bubble theorem in S3 and H3 , modulo 

asymptotic analysis to show that the graphs of 4.2 and 4.3 continue to bear the correct relationship 

to each other outside of the range of the plot. 

8v, 
40 

w<30 
20 
10 

0 
0 

Figure 4.1: This plot proves connectivity in S3 • 

Theorem 4.1. The standard double bubble is the least-area way to partition S3 into three regions. 
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8v, w< 

Figure 4.2: This plot is a little harder to read, but nonetheless, exhibits the bound we were looking 

for, proving connectivity in H3 for a finite range of volumes. 

"Proof". Pending asymptotic analysis at zero, where the functions plotted are equal, the fact that 

the plots show that 21(¥) + I(w) + I(v + w) > 2iI(v, w) on the domain where v < jS3 j/2 and w::; v 

proves the claim, because the functions are increasing an this domain so the top function can not 

drop below the bottom function in between the mesh of the plot, and this domain is a general one 

in the sense that all we require is that one of the volumes takes up less than half of the total volume 

of the space and be larger than one of the other volumes; hence, by switching labels the properties 

of the given domain are representative of the properties of all volume pairs. QEF 
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Theorem 4.2. The standard double bubble is the least-area way to enclose and separate two vol-

umes v and win H3 • 

"Proof". The logic of this proof is the same as the proof of Theorem 4.1. Note that here, to finish 

the proof, not only must we study asymptotics at zero, but also through an entire quarter circle of 

directions heading out towards infinity. QEF 

We don't have time to do the asymptotic analysis in this thesis. We satisfy ourselves with showing 

that the plotted formulas are correct. 

4.1 Area and Volume Formulas 

We can get a simple upper bound on II by using iI, the area of a standard double bubble, which will 

of course be greater than or equal to the area of the least-area double bubble. In this section we find 

parameterizations of the area and volumes of the standard double bubble and spheres in terms of 

the relevant radii (or curvatures, in the hyperbolic case). Using these parameterizations, we found 

I and iI numerically. In order to create Figures 4.1 and 4.2 it was necessary to take this roundabout 

path, because no simple closed form for the relevant functions in terms of volumes is known (or 

likely to be found). 

The formulas is this section are derived using spherical and hyperbolic trigonometry as found 

without explaination in (40]; for the explaination see Thurston (55, Section 2.4]. 

4.1.1 Spheres 

Here we present the standard results on volume and surface area of spheres in S3 and H3 • 

Remark 4.1. The formulas for surface area of a sphere of radius r in S3 and H3 are 

Ass = 41r sin2 r 
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Figure 4.3: Spherical cap on sphere 

AHa = 47r sinh2 r 

The volume formulas for a ball of radius r in 53 and H3 are 

Vsa = 7r(2r - sin 2r) 

VHa = 7r(sinh2r - 2r) 

Lemma 4.1. The mean curvatures, of spheres of radius r in 53 and H3 are 

2cotr 

2cothr. 

Proof. This is a special case of the computation appearing in Lemma 3.8. 

4.1.2 Spherical Caps 

74 

(4.4) 

(4.5) 

QEF 

Even though it seems out of line with the name of the chapter, in this section we will prove the 

results we want in the Euclidean setting and then state the S3 and H3 versions as corollaries. 

Proposition 4.1. In Euclidian space the volume of a spherical cap belonging to a sphere of radius r 
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\ 

------- I 
' 

Figure 4.4: Volume element for spherical cap 

and subtended by an angle of 2<p0 is given by 

12• dB 1"'o d<p f :o." dp P2 sin <p 
COS('f') 

Proof. Spherical coordinates in R3 

x p cos e sin <p 

y = p sine sin <p 

z = psin<p 

75 

(4.6) 

have an associated Jacobian of p2 sin <p. We do the integral in the standard way, around the sphere, 

through all the azimuthal angles, and from the disk that bounds the cap to the surface of the sphere 

(Figure 4.4). For this parameterization, we choose to have <p run down from the north pole of the 

sphere, since this makes the formulas come out simpler. 

A little bit of trig gives the correct bounds for the integral. Actually, given the strategy above, the 

only question is what the lower bound is on the 'p' integral. (See Figure 4.5.) 

We want to solve for Po. The distance from the diameter d to the point p is p0 sin ( <p). The distance 

from the center of the sphere to the base of the cap is r cos <p. By the pythagorean theorem, we have 
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Hence, 

so 

Figure 4.5: Find Lower Bound For p Using Trig 

P5(1 - sin2 (<p)) = r 2 cos2 <po, 

Po= 
r 2 cos2 <po _ r cos <po 

1 - sin2 (<p) - cos(<p) 

Corollary 4.1. The corresponding formulas in S3 and H3 are 

12n 1cpo lr d() d<p dp sin 2 (p) sin <p 
0 0 tan -1 ( ta::s(';t'o ) 

(H3) 12n 1cpo lr d() d<p dp sinh2 (p) sin <p. 
0 0 tanh- 1 'PO ) 
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QEF 

(4.7) 

(4.8) 

Proof. For spherical coordinates in these spaces replace pin the parameterization of Equations 4.6 

by sin p or sinh p respectively, and use spherical or hyperbolic trigonometry in Figure 4.5. QEF 

Corollary 4.2. (Formulas for Volume of Spherical Caps) The volume of a spherical cap of radius r 

that is subtended by an angle 2cp0 is 

-11" (tan - l (cos <po tan r) - r cos <po + ( -1 + cos <po) ( r - cos r sin r)) (4.9) 

(H3) 11"(-r + tanh-1 (cos <po tanh r) - cos <po cosh r sinh r + cosh r sinh r))). (4.10) 
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Proof. We did the integrals symbolically in Mathematica. QEF 

Proposition 4.2. In Euclidian space the surface area of a spherical cap belonging to a sphere of 

radius r and subtended by an angle of 2cp0 is given by 

{27r rcpo 
lo df) lo dcp r2 sin cp 

Proof. The equation for a hemisphere of radius r is f ( x, y) = J r2 - x2 - y2 • The area integral is 

1 (df )
2 

(df )
2 

1 + dx + dx dxdy. projection 
Calculating the derivatives and subsitituting in polar coordinates 

x pcosfJ 
(4.11) 

y psinfJ, 

this becomes 

12rr 1Po M2 df) dp p 1 + 2 2 ' o o r - p 

From Figure 4.5, p0 is seen to be r sin cp0 • The following sequence of transformations then gives the 

stated form: 

1
2rr 1rsincpo M2 

df) dp p 1 + 2 2 
o o r - p 

{27r df) r sin <po dp p 
lo lo 

1
2rr 1r sin cpo l = df) dp p--;::===:;;:::::::;:: 

0 0 
(4.12) 

(putting p = p/r, we note that dp = and that p = r sin cp0 implies p = sin cp0 , so 4.12 can be 

written:) 

1
2rr 1sin <po _ 2 _ 1 

= dB dpr p-1 _2 0 0 - p 
(4.13) 

(4.14) 

(in general, p = sin cp, so dcp = d(sin-1 p) = and we note that if p = p0 = r sin cpo, then 
yl-p2 

cp = cp0 , so we end with this change of variables:) 

{21r rcpo 
= lo df) lo dcp r2 sin cp. (4.15) 
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Corollary 4.3. The corresponding formulas in S3 and H3 are 

(S3
) 12

" d(J 1"'0 

drp sin2 r sin rp 

(H3
) 12

" d(J 1"'0 

drp sinh2 r sinrp 
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QEF 

(4.16) 

(4.17) 

Proof. For spherical coordinates in these spaces replace p in the parameterization of Equations 4.11 

by sin p or sinh p respectively, and use spherical or hyperbolic trigonometry in Figure 2. QEF 

Corollary 4.4. (Formulas for Area of Spherical Caps) The area of a spherical cap of radius r sub-

tended by an angle 2cp0 is 

27r sin2 r(l - cos <po) (4.18) 

27r sinh2 r(l - cos cpo). (4.19) 

Proof. These integrals can be done in ones head. QEF 

4.1.3 Standard Double Bubbles 

Since each standard double bubble in S3 and H3 is symmetric about a geodesic line, it is convenient 

to compute area and volume of a standard double bubble by considering the revolution of some 

generating curve consisting of 3 circular arcs meeting at 120°. Figure 4.6 represents an arbitrary 

generating curve (and its reflection about the line of symmetry) labelled with relevant measure-

men ts. 

Spherical Space From Figure 4.6 and repeated application of an identity of spherical trigonometry 

(see Figure 4. 7) we have 

sincp1 = sinx 
sinr1 
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---;;; --

Figure 4.6: Some important geometrical features of the generating curve for a standard double 

bubble. 

Figure 4. 7: Sphere sine relation 

•• 

Figure 4.8: Sphere tantancos 
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sin <p2 
sinx = ; sin r2 

sin <p3 sinx = sinr3 

Another identity (see Figure 4.8) yields 

or 

Solving for 0, we get 

7r 
tan x tan r1 cos( '6 - 0); 

7r 
tan x = tan r2 cos( '6 + O); 

tan x = tan r1 ( v; cos 0 + O); 

tan x tan r2 ( v; cos 0 - 0). 

0 _ 1 ( v'3 (tan r2 - tan ri ) ) . 
tan r1 + tan r2 

We can plug this into the first of the two preceding equations above and rearrange terms to get 

1 7r 1 v'3(tan r2 - tan ri) x = tan - (tan r1 cos ( -
6 

- tan - ( ) ) ) , 
tan ri + tan r2 

80 

which we can put into the first triple of equations to obtain a (complicated) expression for the 'cp's 

in terms of r 1 and r2: 

( 

· (t -1 (t ( 7r t -1 ( V3(tan r2-tan ri) ))) ) . _1 sm an anr1 cos 6 - an tanr +tanr 'P1 = sm . i 2 ; 
smr1 
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\ 
) --

Figure 4. 9: Hyperbolic sine relation 

<p3 = (
sin(tan-1 (tan r cos(!!. - tan-1 ( ../3(tan r 2 -tan ri) ))) ) 

S
. -1 1 6 tan r1 +tan r2 m . . smr3 

Note that there are only two relevant parameters here. Since pressures add, we have r3 in terms 

2cotr3 = 2cotr1 - 2cotr2, 

or 

Hyperbolic Space We derive similar formulas for the angles 'Pi, but this time using trigonometric 

identities in hyperbolic space (see Figures 4. 9 and 4.10): 

sin 'Pi = sinh x C = 1 2 3). 
. h i ' ' ' sm ri 

7r tanhx = tanh r1 cos( B - O); 

tanhx 7r 
= tanh r 2 cos( B + 0). 
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,. 

( (oS <f -- )( ' ----·- l 
+.,.Mi.. f' J 

Figure 4.10: Hyperbolic tantancos 

Solving for 'Pi (i = 1, 2, 3) yields 

( 
sinh(tanh -l (tanh r cos(.?!:. - tan-1 ( v'3( tanh r 2 -tanh ri))))) 

· -1 1 6 tanh r1 +tanh r2 = 'h sm ri 

So far this derivation has been analogous to the work we did in S3 • But in hyperbolic space we 

have already mentioned the fact that not all hypersphere-like submanifolds in hyperbolic space have 

well-defined radii. We work around this by computing area and volume of double bubbles in H3 

in terms of curvature. To do this, we derive the area and volume formulas as before, and convert 

formulas using the relation: 

k = cothr (4.20) 

The wonderful fact is that analytic continuation implies that our new formulas yield the desired 

areas and volumes. 

We can now compute 'Pi in terms of k1 and k2 (the curvatures of the two outer caps). Here, the 

curvature constraint gives, k3 = kl - k2. 
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Remark 4.2. Now we can compute the volumes and surface area of standard double bubbles, in 

terms of the radii or curvatures of the outer caps, by substituting the formulas we have just derived 

in Corollary 4.2 and Corollary 4.4. Refering to Figure 4.6, we observe that the angle <p1 is either 

acute or obtuse depending on the relative size of the two bubbles; the transition between regimes is 

when <pi is 90°. Tracing back through the equations, we notice that this happens when 

and when 

We must make adjustments to <p1 in our computations accordingly. Specifically, if <p1 < i, the 

formulas return values corresponding to a cap that is larger than a hemisphere, which is what we 

desired, otherwise they return values corresponding to a cap smaller than a hemisphere, so we have 

to use rr - <p1 in place of <p1. 

Definition 4.1. In light of the last remark, we define '/51 to be equal to <p1 if <p1 < i and to be rr - <p1 

otherwise. 

Now, the following lemma summarizes how we compute area and volumes for the standard 

double bubble. 
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Lemma 4.2. The volume of the first bubble is the volume of the spherical cap in the sphere of 

radius ri subtended by an angle 2<P1, plus the volume of the spherical cap in the sphere of radius r3 

subtended by an angle 2cp3. The volume of the second bubble is the volume of the spherical cap in 

the sphere of radius r2 subtended by an angle 2(11" - cp2 ), minus the volume of the spherical cap in 

the sphere of radius r3 subtended by angle 2cp3. 

Proof For each bubble component, we compute the volume and area of the spherical cap which 

separates it from the exterior. For area of the double bubble, we simply add these areas plus the 

area of the separating cap. To compute the volume of each bubble component we have to include 

the volume contained within the separating cap in the smaller region, and exclude it from the larger 

region. QEF 

4.2 The Curvature Conjecture 

The inequality we have been studying in this chapter is 

A v -F(v, w) = 2!(2) + l(w) + l(v + w) - 2II(v, w) > 0 (4.21) 

iI( v, w) denotes the surface area of the standard double bubble enclosing the volumes v and w. 

We can perturb the definition of Fk of Corollary 6.2 in the same way to deduce that if 

A v -
Fk(v, w) =kl( k) + l(w) + l(v + w) - 2II(v, w) > 0 (4.22) 

then V has less than k components. 

Lemma 3.8 tells us that kl(I) is increasing ink. Therefore there is some largest k for which the 

Basic Estimate Lemma 3.9 (with x = I) applies i.e. for this k we have 2II(v,w) = l(w) + kl(f) + 

l(v + w). A possibly even greater 'k', which we will call k satisfies 

- - v 2II(v, w) = l(w) +kl(-=)+ l(v + w). 
k 

(4.23) 

This defines k implicitly as a function of v and w. 
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In light of the fact that mean curvature is proportional to the derivative of area with respect to 

volume, differentiating Equation 4.23 gives 

d(kl(;)) 
dw 

(4.24) 

d(kl(f)) 
dv 

(4.25) 

(N. B. Upon differentiating the surface area of the standard double bubble with respect to one of 

the volumes, we only pick up the curvature of the outer cap because (a) the standard double bubble 

is stable under small variations; and (b) therefore all variations must give the same dA/ dv or some 

combination could reduce perimeter, contradicting (a); (c) a variation that raises a small bump on 

the outer cap picks up its curvature.) 

The curvature conjecture says that each of 4.24 and 4.25 is signed. Specifically, in the most 

important case k < 2, we have: 

Conjecture 4.1. Curvature Conjecture In Rn, sn, or Hn, the various mean curvatures associated 

with standard double bubbles satisfy the following inequalities, where we Hx denote the curvature of 

a sphere of volume x and we let Hx,y denote the curvature of the the outer cap of the 'x component' 

of a standard double bubble containing volumes x and y 

Hv/2 + Hw+v 
Hv,w > 2 

Hv/2 + Hw+v 
Hw,v < 2 

If this conjecture is true, then F is a decreasing function one of the variables and an increasing 

function in the other, and so plots of F will not have jumps in between the mesh of the plot. Plots 

and analysis suggest that the curvature conjecture holds in Rn, although the analysis part is not 

complete. In Rn, the volumes can be normalized so that one of the volumes is equal to one. David 

Futer then showed that in the case that the other volume is bigger than one. The proof uses the fact 

that the standard double bubble is invariant under inversion in the sphere that separating cap is a 

piece of. 
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Since we already know that the component functions of F are increasing, we are probably better 

off studying them. At present, plots of the function Fare useful because they show (non-rigorously) 

what the gaps between the functions plotted in Figures 4.1 and 4.2 look like. 

8v, w< 

The function value is lowered artificially on region where graph is negative for ease of viewing. 

Figure 4.11: The Hutchings function F(v, w) in S3 • 
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8v, w< 

100 

The function value is lowered artificially on regions where graph is negative for ease of viewing; the gap on the diagonal is due to a singularity in our formulas that doesn't show up in the proof.plots 

for some reason. Cotton and Freeman already treated the diagonal in detail anyway. 

Figure 4.12: The Hutchings function F(v,w) in H3 • 
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gn 

Charter. We prove that the least-area division of n-dimensional Gauss space into three equal pieces 

is given by the standard configuration of three ( n - 1 )-dimensional hyperplanes meeting along an 

(n - 2)-dimensional hyperplane at 120°. 

5.1 Introduction 

Let Gn denote Rn with the volume form weighted by Gaussian measure and area given by restrict-

ing this measure to (n - 1)-dimensional subsets in the standard fashion (the area of an (n - 1)-

dimensional subset A is given by finding the derivative with respect to c at zero of the volume of 

c-tubes about A, so, for example, a hyperplane through the origin has total (n-1)-dimensional mea-

sure of 1/2rr). Borell [4], Sudakov-Tsirel'son [SI] and others (cf. Barthe and Maurey [2] and the 

references therein) showed that the solution to the isoperimetric problem in this space (that is, the 

least-area division of Gn into two regions of prescribed volume) is given by an (n - 1)-dimensional 

hyperplane. Our Theorem 5.1 will show that the least-area division of Gauss space into three pieces 

of equal size is given by a 'Y', that is, by three half-hyperplanes meeting each other at 120°along an 

88 
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(n - 2)-dimensional plane through the origin. 

Theorem 5.1 solves a 'double bubble problem', the name given to the problem of enclosing and 

separating two regions of prescibed volume in a give space with the least area. This problem has 

recently been solved in R3 by Hutchings, Morgan, Ritore and Ros ([23], see [34]). 

The proof. A classical observation ascribed to Poincare (Proposition 5.1) says that Gn can be real-

ized as a limit of projections from sN onto Rn as N goes to infinity and the radius of sN grows. This 

reduces the problem to studying double bubbles in SN. 

Hutchings' theory of the structure of area minimizing double bubbles in spheres [22] shows how 

to bound the number of components of minimizing bubbles that divide the sN into three equal 

volumes. Using this connectivity result, an argument based on the that used in R3 [23, Section 6] 

shows that minimizing double bubbles must be standard. Taking limits of projections onto sn then 

gives the result. 

Acknowledgements Theorem 5.1 came out of conversations with Frank Morgan about a lecture 

by Antonio Ros (and the lecture notes [44]). Morgan provided lots of useful ideas about how to 

prove the theorem. Pat McDonald had a number of very helpful conversations with me on this topic. 

5.2 The Geometry of Gauss Space 

Proposition 5.1, attributed to Poincare shows that n-dimensional Gauss space is the limit of projec-

tions onto Rn of uniform measure on spheres whose size and dimension grow in a prescibed way. 

The proof of Proposition 5.1 is based on that found in McKean [30]. We also point out that it is very 

easy to compute areas of hyperplanes and pieces of hyperplanes in Gn (Proposition 5.2), reducing 

this to computations with a one-dimensional Gaussian. 
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Proposition 5.1 (attrib. Poincare). Gauss space of n dimensions is realized as the limit as N -too 

of projections of sN ( VH) onto some fixed Rn. 

Proof. Because of how we have defined volumes and areas in Gn, it suffices to show that if x = 

(x1, ... XN) is uniformly distributed on SN ( VH), then for fixed n < oo the probability that xis in the 

box (a, b) = ( a1 , b1 ) x ... x (an, bn) c Rn is equal to the integral of n-dimensional Gaussian measure 

over this box. In symbols, what we wish to prove is: 

The probablity that x is in (a, b) is given by the integral of the area form dA induced by the 

volume form on RN+ 1 over pieces of the sphere that lie 'above' or 'below' (a, b), divided by the total 

measure of sN, i.e. the integral of dA over sN. 

The form of the integral is given in three dimensions by parameterizing by the azimuthal angle 

<p, so if R = JN, then x3 = R cos <p, and dx3 = R sin <p d<p, which by trigonometry is J R2 - We 

also have dA = 2rr R sin <p d<p = 2rr J R2 - d<p, which is therefore just 2rr dx3. We rotate so that 

x = x3 , so the area form is proportional to (1 - )0 • 

By an analogous procedure in higher dimensions the probability that x lies above or below an 

interval (a, b) (that is, the probability that one of the dimesions x of xis in the range of values for 

which x might be in the box (a, b) that we specified, not taking into account what is going on in the 

other dimensions) works out to be 

J:(ffi2 - x2)(N-3)/2 dx - J:(l - x2 /N)(N-3)/2 dx 

r!JN( ffi2 - x2)(N-3)/2 dx - - x2 jN)(N-3)/2 dx. 
(5.1) 

R 11 h x I' (1 x )n -x2 - l' (1 x2 /2 )n - l' (1 x2 )n/2 I . eca t at e = lffin-too + n , SO e - lffin-too - n - lffin-too - n . t lS 

easy to check that this is limn-+oo(l - x:)<n-3)/2 • Therefore as n -too, the ratio in Equation 5.1 

approximates J: dx. The linearity of the integral now gives the stated form for the integral 

over a box. QEF 
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Proposition 5.2. The (n - 1)-dimensional measure of a hyperplane that divides Gn into two pieces 

of any given ratio is the same for all n. 

Proof. To prove this, we need to use the basic fact that an (n - 1)-hyperplane has an (n - 1)-

dimensional Gaussian on it, whose total measure depends only on its distance from the origin and 

not on the dimension. This is a consequence of the fact that up to normalization, Gn = Gn-l x G 1 . 

For any given volume ratio and any n > 1, a hyperplane P whose distance from the origin is the 

same as the distance from the origin of a point p in G1 that cuts G1 into pieces with the given ratio 

will cut each perpendicular hyperplane H into two pieces of the given ratio, and so it cuts Gn into 

two pieces of the given ratio. Since the total measure of this P depends only on its distance from 

the origin, this proves the claim. QEF 

Corollary 5.1. The ( n-1 )-dimensional measure of three half-hyperplanes that divides Gn into three 

pieces of equal volume is the same for all n > 2. 

Proof. Three half-hyperplanes through the origin have total (n - 1)-dimensional measure 

QEF 

5.3 Area-minimizing division of Gn 

We now introduce some notation. We let Ian denote the isoperimetric profile of Gn. By Proposition 

5.2, the surface area of a standard single bubble is given by the same function in Gn and G1, and 

can be written down (fairly) explicitly: Ian(v) = Ia1(v) = vh:-e-x2
/ 2 , where xis defined by 

vh:-e-t2 
/

2 dt = v. We let Ilan denote the two-volume least-area function of Gn. 

We will denote the isoperimetric profile and two-volume least-area function of sm by Ism and 

Ilsm respectively. These can be thought of classically or by using a Hausdorff measure construction. 

Viewed the latter way, we can the realize the functions Ian and Ilan as projections of limits of Ism 

and Ism. 
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Hutchings theory [22] says that if 

F(v, w) = 2lsm (v/2) +Ism (w) +Ism (v + w) - 2Ilsm (v, w) > 0 (5.2) 

then the region containing the volume v in an area-minimizing double bubble in sm that contains 

volumes v and w is connected. As discussed in the previous two chapters 

F(v,w) = 2Ism(v/2) + Ism(w) + Ism(v + w) - 2llsm(v,w) > 0, (5.3) 

where ll sm ( v, w) denotes the area of a standard double bubble containing volumes v and w, is also 

a condition for connectivity. 

Taken together we now have enough tools to prove our theorem. 

Theorem 5.1. For n > 1, the least-area division of n-dimensional Gauss Space Gn into three equal 

pieces consists of three hyperplanes, meeting at one hundred and twenty degrees along an (n - 2)-

dimensional plane through the origin. 

Proof. In the case of three equal volumes in s m ( vm)' with v = Ism ( vm) 1, the Hutchings criterion 

5.3 becomes 

2Is= m +ls= m +Is= (23v)-2iis= > 0. (5.4) 

By symmetry, if this inequality holds, all of the regions in are connected. 

By the considerations of Proposition 5.1, there is some N such that if m > N then 

2Ian m +Ian m +Ian m -2ii a• ( H) > 0 (5.5) 

is a criterion for connectivity in sm. 
By the considerations of Proposition 5.2, this last criterion is the same as 

2la· m +la· m +la· m-2 > o, (5.6) 

which proves that Inequality 5.5 establishes a lower bound that is uniform in n. By symmetry, 

Inequality 5.6 is equivalent to 

ua, G) +2Ia· G) 2 >0. (5.7) 
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Since 

/_

-1 1 
-t2 /2 . fiCe dt::::::: .15866 < .16666 ... = 1/6, 

-100 v 27r 
(5.8) 

we have that Jk-e-<-1)
2

/
2 = /"?;::::::: .657745 is a lower bound on Ia1 (1/6), and similarly since 

/_

-1/2 1 2 

fiCe-t 12 dt ::::::: .30854 < .33333 ... = 1/3, 
-100 v 27r 

(5.9) 

we have that Jk-e-<-1/ 2)
2 !2 ::::::: .352065 is a lower bound on Ia1 (1/3). 

Combining these approximations we get 

2la• G) + 2la• G) > 2 .. 65775 + 2 .. 35207 "" 2.01964 > . 7978 RJ 2 ( vk D ' (5.10) 

which proves that the Hutchings connectivity criterion is satisfied for equal volumes for spheres close 

enough to the Poincare limit. 

An argument like that used in R3 by Hutchings et al. proves that the minimizing enclosure for 

three equal volumes in these high-dimensional spheres is the standard double bubble; specifically, 

Cotton and Freeman ((10], or see Chapter 3) prove that in sn, an area minimizing double bubble 

that has both regions and the exterior connected must be standard. 

By rotating and translating in Rm+l as necessary, we can recenter so that the origin is contained 

in determined by the (m - 2)-dimensional singular set in the standard double bubble contains the 

origin. In addition we require that the first n dimensions of sm line up for all m. These are the 

dimensions which become Gn in the limit of projections. Since the standard double bubble in sm 

is defined as a surface of revolution generated by the standard double bubble in sm-1 , it is easy 

to see in the case n = 2 that the limit of the projections of the intersection of the standard double 

bubble with gthe first two dimensions of sm the standard double bubble is the Y-shaped division of 

G2 • This division is minimizing because it lifts to a minimizer in each of the spheres sN as these 

spheres tend to the Poincare limit. The same argument is in fact true when n is greater than two, 

but it is easier to just observe that Y-shaped division of G2 lifts to the Y-shaped division of Gn and 

therefor the Y-shaped division of Gn must be minimizing. QEF 
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Remark 5.1. The proof shows that for large N, the least area division of sN into three pieces of 

equal volume is given by a standard double bubble (in this case, three half-hyperspheres meeting 

along an N - 2 sphere). The conjecture is that this is in fact the optimal division for all N. 



Chapter 6 

t2 

Charter Characterize the perimeter minimizing double bubbles in the flat two-torus T2 • 

6.1 Introduction 

Our Main Theorem (Section 6. 7) shows that on the flat two-torus T2, the least-perimeter way to 

enclose and separate two prescribed areas is a double bubble of one of the six types of Figure 6.1: 

the standard planar double bubble e, the band-lens <P, the symmetric two-component chain n, the 

double band 3, the double hexagon H (on the hexagonal torus only), or an octagon-square tiling 

X. We conjecture that the last of these never occurs as a minimizer. 

Conjecture 6.1. The octagon-square tiling Xis never perimeter minimizing. 

If Conjecture 6.1 is correct, Figure 6.2 shows which types prevail for which prescribed areas for 

four different tori. 

The proof of the main theorem separates all candidates into five classes, and shows that the spe-

cial double bubbles of Figure 6.1 are the only ones that are potentially perimeter minimizing: Propo-
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L 0 I I l ? I 
STANDARD DOUBLE BUBBLE 0 BAND-LENS <i> 

L R l II I I l 
SYMMETRIC CHAIN f2 DOUBLE BAND 3 

0 
DOUBLE HEXAGON H OCTAGON SQUARE x 

Figure 6.1: The six candidate perimeter- minimizing double bubbles on the flat two-torus. 

sition 6.6 says that minimizers must be the double band or belong two one of four other topological 

classes; section 6.5.1 treats double bubbles in which all of the regions are contractible; section 6.5.2 

treats double bubbles whose components taken together wrap around the torus, but whose compo-

nents are all contractible; and section 6.5.3 treats double bubbles with one non-contractible region. 

The fourth class includes double bubbles that wrap around the torus in both directions. We call 

these candidates "tilings." Proposition 6.12 and 6.13 use the Euler characteristic of T2 and some 

basic facts about the regularity of minimizing bubbles to show that only two tilings are potential 

minimizers: the hexagon tiling Hon the hexagonal torus, and (perhaps) an octagon-square tiling. 

When it occurs as a minimizer, H ties the double band 3 for perimeter. Section 6.6 gives formulas for 

the perimeter and area of the four finalists. Figure 6.2 gives a computational plot of the minimizing 

type for given areas. 

We have been unable to prove Conjecture 6.1, which would eliminate the octagon-square and 

thus complete our analysis of tilings. Some tests using Surface Evolver suggest that deflating one of 

the separated bubble and expanding the other will reduce perimeter. 
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6.2 Definitions 

Here we rigorously define, among other things, the classes of potential minimizers mentioned above. 

Thus, at this point it is necessary to introduce a convention that we use throughout the paper. Any 

double bubble partitions the space into three regions, but in naming and in speaking about these 

configurations, we will usually only look at two of these regions, R1 and R2 and not the third, which 

we call the exterior. So for example, 3, which might be otherwise be named the "triple band", is the 

double band. We should remark that on the torus _the exterior need not be the largest of the three 

regions. 

6.2.1 Tori and the Cylinder 

Definition 6.1. Aflat two-dimensional torus can be represented by a planar parallelogram with op-

posite sides identified, for which the shortest side is a shortest closed geodesic, and no interior angle 

is less than sixty degrees. In this paper we normalize so that the shortest closed geodesic has unit 

length. This also implies that the shortest side of the torus has length 1. We call the length of the 

other side L. If L = 1, there are two short directions, and on the hexagonal torus (see below) there 

are three short directions, one corresponding to the geodesic with homology ( -1, 1) . 

Definition 6.2. The hexagonal torus can be represented either by a regular hexagon with opposite 

sides identified, or by a 60-degree rhombus with opposite sides identified. 

Definition 6.3. The flat infinite cylinder can be represented as the surface contained between two 

identified infinite parallel lines in the plane. We take the distance between the two lines to be one. 

6.2.2 Topological Definitions 

Definition 6.4. A double bubble consists of two disjoint regions bounded by piecewise smooth curves, 

each of which may have multiple components. 



CHAPTER 6. T2 98 

Definition 6.5. A closed curve has homology (p, q) if it wraps around the torus p times in the short 

direction and q times in the long direction, where p and q are signed to signify the orientation of the 

curve. 

Definition 6.6. A tiling is a double bubble in which every component is contractible, including 

components of the exterior. 

Definition 6. 7. A band IT is a non-contractible annulus. We often refer to the homology of a band, 

meaning the homology of one of its boundary components. 

Definition 6.8. A swath '11 is a set of contractible components with non-contractible and connected 

closure '11 and with non-contractible complement. 

Definition 6.9. A chain is a non-contractible cycle of contractible components. Note that every 

swath contains at least one chain and that every chain is itself a swath. We often refer to the 

homology of the closure of the union bf a chain, meaning the homology of one of its boundary 

components. 

Definition 6.10. A hexagon tiling T is a tiling in which every component is a curvilinear hexagon. 

Definition 6.11. An octagon-square tiling is a four-component tiling consisting of two curvilinear 

octagons and two curvilinear quadrilaterals. The two quadrilaterals are components of the same 

region. 

6.2.3 Geometric Definitions 

Definition 6.12. The standard double bubble e is comprised of three circular arcs meeting in threes 

at 120°, such that the curvature of the separating arc is the difference of the curvatures of the outer 

caps. For prescribed areas, e is unique up to congruence [34, Proposition 14.l]. 

Definition 6.13. The double band 3 is the union of two adjacent bands, each of which is bounded 

by two short geodesics. 
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Definition 6.14. A symmetric chain is a chain that is symmetric about a geodesic circle. 

Definition 6.15. A standard 2-component chain n is comprised of six circular arcs meeting in threes 

at four common vertices at 120°, such that the curvature of each separating arc is the difference 

of the curvatures of the outer arcs (see Figure 6.1). Further, by Lemma 6.2 a minimizing standard 

2-component symmetric chain has non-zero homology only in a shortest direction of the torus, and 

by Lemma 6.3 any such standard 2-component symmetric chain is unique up to isometries of the 

torus. 

Definition 6.16. A lens is a pair of congruent circular arcs meeting at two vertices at 120°. 

Definition 6.17. The band lens «!> is the union of a band and a lens, such that the boundary curves 

of the resulting configuration meet in threes at two vertices, at 120°. Further, by Proposition 6.6, a 

minimizing band-lens has non-zero homology only in a shortest direction of the torus and encloses 

the smallest area in the lens. By Lemma 6.19 any immersed band-lens is unique up to isometries of 

the torus. 

Definition 6.18. The hexagon tiling His a 3-component straight-edge hexagonal tiling on the hexag-

onal torus. 

6.3 Existence, Regularity, and Basic Properties 

This section provides existence and regularity (Proposition 6.1), a component bound (Proposition 

6.2), and some easy consequences essential to all of our analysis. 

Proposition 6.1 (Existence and Regularity Theorem [32, 2.3 and 2.4] ) . In a smooth Riemannian 

surface S with compact quotient s;r by the isometry group r, for any two areas A1 and A2 (whose 

sum is less than area(M)), there exists a least-perimeter enclosure of the two areas. This enclosure 

consists of smooth constant-curvature curves meeting in threes at 120° angles. All curves separating 

a specific pair of regions have the same curvature. 



CHAPTER 6. T2 100 

Remark 6.1. It follows that minimizing bubbles are connected, and that each component of either 

of the two regions or the exterior is adjacent to both others. Also, note that a double bubble satis-

fying regularity is in equilibrium, which means that the "first derivative" of its perimeter under any 

variation fixing areas is zero. 

Proposition 6.2 (Wichiramala Component Bound [38, Proposition 3.1] ). Unless all three regions 

have equal pressure, each region of highest pressure has at most two components. 

Proof. The topology of the torus does not interfere with the Wichiramala proof, as all variations used 

in his argument are strictly local. QEF 

Proposition 6.3. The perimeter of a perimeter minimizing double bubble is at most three. 

Proof. Three geodesic circles can enclose any pair of prescribed areas A1, A2 • QEF 

Proposition 6.4. No perimeter-minimizing tiling can occur on a torus with unit shortest side length 

and longest side length greater than v'3. 

Proof. Consider a torus with a tiling on it. Now, at each coordinate in the long direction of the torus, 

consider the unique non-contractible shortest closed geodesic associated with that coordinate. This 

shortest closed geodesic must intersect at least one curve at some point, otherwise the configuration 

could not be a tiling. Further, it must intersect some other or potentially the same curve in some 

other point, otherwise two components of the same region would be bordering themselves and the 

configuration could not be a minimizer. Now, considering the sum over all such shortest closed 

geodesics, we see that the configuration must span the long direction of the torus at least twice. 

Using the co-area formula, the configuration must have perimeter at least 2 · L · sin(O) y'3 · L. But 

by Proposition 6.3, P :::; 3, so L ::; v'3. QEF 
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6.4 Topological Classification of Minimizers 

In this section we build up several lemmas to prove two important propositions. Proposition 6.5 says 

that if a perimeter minimizing double bubble is not a tiling, and both regions and the exterior all 

have equal pressure, then the configuration is the double band. This is important in later sections. 

Proposition 6.6 is the backbone for the entire proof. It shows that all minimizing double bubbles 

must either be a tiling, a contractible double bubble, a swath, a band with some contractible blobs, 

or the double band. The next section and each of its subsections deals with the topological classes 

developed in this proposition. 

Lemma 6.1. In a partition of the torus into piecewise smooth non-contractible components, each 

component is a band. 

Proof. Every closed curve in the boundary must be non-contractible. Hence the boundary must 

consist of disjoint closed curves, all in the same non-trivial homology class. It follows that each 

component is a band. QEF 

Lemma 6.2. Any non-contractible component, A, in a minimizing double bubble on the torus must 

either be a band or have contractible complement. 

Proof. If the complement of A is contractible, we are done. Suppose that the complement of A is not 

contractible. If there are any contractible components of the complement inside of A, merge them 

with A. Now we have a partition of the torus into two non-contractible regions, and by Lemma 6.1, 

A must be a band or a punctured band (since we filled the holes in A). But since A is part of a 

minimizing double bubble, by Remark 6.1 A must be a band. QEF 

Lemma 6.3. Given a chain or band that is part of a minimizing double bubble, and with homology 

(p, q), IPI ::; 1 and lql ::; 1. 

Proof. Since a band and the closure of the union of a chain are simply annuli, each chain or band has 
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at least two disjoint, non-contractible boundary curves. Thus, if IPI > 1 or lql > 1 then the perimeter 

is at least four. By Proposition 6.3 the double bubble cannot be a minimizer. QEF 

Lemma 6.4. A perimeter minimizing double bubble on the torus, together with its exterior, has at 

most three disjoint bands or chains. Further, if there are three, then they must all be bands, and the 

double bubble must be the double band. 

Proof. Since a band and the closure of the union of a chain are non-contractible annuli, each chain 

or band has at least two non-contractible boundary curves, each of length at least one. Since each 

such boundary curve borders at most two such annuli, if there are n annuli, there will be at least 

n such non-contractible boundary curves. Thus, by Proposition 6.3, n 3. Further, if n = 3, the 

perimeter of the double bubble is greater than three unless each of the non-contractible boundary 

curves is a geodesic in the short direction of the torus and if there is no other boundary, so that the 

double bubble must be the double band. 

QEF 

Proposition 6.5. A perimeter minimizing double bubble of three equal pressures is either a tiling 

or the double band. 

Proof. Assume that the double bubble is not a tiling, so that there is at least one non-contractible 

component. By Lemma 6.2, this component is either a band, or its complement is contractible. The 

latter is impossible, for it would be a planar polygon with interior angles of 240 degrees. 

Thus, the configuration must contain at least one band, bounded by piecewise geodesic curves 

with interior angles of 120 degrees. Lifting to the plane shows that the boundary curves must be 

smooth closed geodesics. 

Now, denote the rest of the boundary by X. If X is contractible, merely slide X up against the 

band to contradict regularity. If X is non-contractible, then the double bubble plus its exterior must 

have at least three bands. By Lemma 6.4, the double bubble must be the double band. 
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QEF 

Proposition 6.6. All minimizing double bubbles on the torus must be either a contractible double 

bubble, a tiling, a swath, a band adjacent to a set of components whose union is contractible, or the 

double band (after perhaps relabelling the two regions and the exterior). 

Proof. We may assume that every non-contractible component is a band, since otherwise by Lemma 

6.2 it is the complement of a contractible double bubble. 

If the double bubble plus its exterior has no bands, then all regions are contractible, and thus by 

definition the double bubble is a tiling. 

If the double bubble plus its exterior has one band, then the complement is a set of contractible 

components. But the closure of the union of this set of components, being the complement of a 

band, is itself a band, and thus non-contractible. Thus, by definition the double bubble is a swath. 

If the double bubble plus its exterior has two bands, consider the complement, C, of the closure 

of the union of the two bands. If C is non-contractible, then we have a partition of the torus into 

non-contractible regions, and thus, by Lemma 6.1 this complement is also a band. But since the 

two bands are the only non-contractible components, we must have a configuration with two bands 

and a swath. But the swath contains at least one chain, and so the double bubble plus its exterior 

contains one chain and two bands, which impossible by Proposition 6.4. So the complement of the 

closure of the union of the two bands must be contractible. And thus the double bubble must be a 

band adjacent to a set of components whose union is contractible 

If the double bubble plus its exterior has three or more bands, then by Proposition 6.4, the double 

bubble must be the double band. 

QEF 
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6.5 The Four Classes with Contractible Components 

By Proposition 6.6, all minimizing double bubbles on the torus must be either a contractible double 

bubble, a tiling, a swath, a band adjacent to a set of components whose union is contractible, or 

the double band. While the double band describes a specific geometric configuration, each of the 

remaining possibilities is merely a topological class of configuration. In this section we identify the 

minimizer in each of these four remaining topological classes: the standard double bubble among 

contractible double bubbles (Proposition 6.1), a two-component symmetric chain among swaths 

(Proposition 6.10), and the band-lens among bubbles with a single band (Proposition 6.11) Propo-

sition 6.12 and 6.13 use the Euler characteristic of T2 and some basic facts about the regularity of 

minimizing bubbles to show that only two tilings are potential minimizers: the hexagon tiling H on 

the hexagonal torus, and (perhaps) an octagon-square tiling. 

6.5.1 Contractible Double Bubbles 

Proposition 6.1 uses the result from R2 that perimeter-minimizing double bubbles are standard [24], 

to show that the only potential minimizer among contractible double bubbles is the standard double 

bubble. 

Lemma 6.1. The perimeter of a standard double bubble is greater than Pi times its diameter: P > 

7rD. 

Proof. We obtain a formula for P / D as a function f ( 0), where 0 is the angle between the interior arc 

of the standard double bubble and the chord that connects its endpoints. Then we show f ( 0) > 7r 

for the entire domain 0 < 0 :::; 7r /3. 

Let r 1 , r 2 , c1 , c2 be the radii and centers of the longer and shorter exterior arcs of the standard 

double bubble, respectively. Then the diameter is the sum of r 1, r2 , and the distance between c1 and 
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D = ri + r2 + ri cos ( 7r /3 - 8) + r2 cos ( 7r /3 + 8). 

Applying the formula for radii in Section 6.6.1, we obtain a expression that can be solved for C, 

the length of the separating chord: 

D = C((l +cos (7r/3 - 8))/(2sin (27r/3 + 8)) + (1 +cos (7r/3 + 8))/(2sin (27r/3- 8))). 

Substituting for C in the equation for perimeter in Section 6.6.1, we obtain the desired function in 

8: 

f(8) = P/D = (87rsin8cos8 + 3v'38)/(6sin8cos8 + 3sin8) 

To show f ( 8) ;;::: 7r is equivalent to showing 

87rsin8cos8 + 3v'38;;::: 7r(6sin8cos8 + 3sin8). 

Moving the terms to the left hand side and using the identity sin(28) = 2 sin 8 cos 8, we obtain the 

equivalent inequality 

7r sin(28) + 3v'38 - 37!" sin 8 > 0. 

We view the left hand side Las a function of 8; its second derivative is 

-47rsin(28) + 37rsin8 = 7rsin8(-8cos8 + 3). 

For 8 E ( 0' 7r I 3)' we have sin 8 > 0 while cos 8 > cos( 7r I 3) > 3 I 8. Hence, this last expression is 

strictly negative, and the left hand side L of ( *) is strictly concave for 8 E [O, 7r /3]. Because L equals 

0 when 8 is at the endpoints of this interval, it must be positive along the interior of this interval, as 

desired. 

QEF 

Proposition 6.1 (Generalization of [28]). The only possible minimizer among contractible double 

bubbles is the standard double bubble. 
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Proof. Assume that there is a perimeter minimizing contractible double enclosing areas A1 

and A2 that is not the standard double bubble. By [24], the unique perimeter-minimizing solution 

in R2 for the same prescribed areas is a standard double bubble 8. If 8 fits on the torus, it will beat 

it in the plane. Therefore 8 does not fit on the torus. 

But since 8 does not fit on the torus, then its diameter must be greater than the shortest side 

length of the torus (otherwise, it would fit with the axis of symmetry in any direction). But, by 

Lemma 6.1, P > 7r • D > 3, and thus by Proposition 6.3, 8 is not a minimizer. 

QEF 

6.5.2 Swaths 

By Proposition 6.5, minimizing swaths must be chains consisting of two or four components. By 

Proposition 6.8, asymmetric chains cannot be minimizers since they have perimeter greater than 

three. Finally, by Proposition 6.9, minimizing symmetric chains can have only two components. 
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(a) Square torus (a = 90°) (b) Hexagonal torus (a = 60°) 
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(c) Intermediate angled torus 65°) (d) Rectangular torus (L = 1.2) 

Square Turus. Twenty-one smooth-looking cmves divide the space into ten regions. The approximate locations of the four 

vertices in the lower left comer are:;:::; (0.34596, 0.20352), :;:::; (0.20352, 0.34596), :;:::; (0.06, 0.29), and:;:::; (0.29, 0.06). 

The two curves parallel to the axes are A 1 and A2 = ( 8; - 2 v13) - l 0. 2035, respectively. The curves thattouch the axes 

in the lower left comer touch :;:::; 0.3183. 

Hexagonal Torus. Eighteen smooth-looking curves divide the space into eight regions. 

Figure 6.2: How minimizing double bubble types depend on the prescribed areas for four flat tori 
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Figure 6.3: On the cylinder, we can make simple adjustments when the standard double bubble does 

not fit; the same argument does not work on the torus. 

....... •;,/'' 
.... 

Figure 6.4: Important angles in a regularity satisfying quadrilateral 



CHAPTER 6. T2 109 

Lemma 6.2. If a component of a region is a curvilinear quadrilateral, then the quadrilateral is cyclic 

(i.e., the vertices lie on a common circle). 

Proof. We must show that opposite angles sum to 180°. Consider the chords joining consecutive 

vertices as in Figure 6.4. 

Since each boundary curve must meet its corresponding chord at equal angles a, (3, '"'(, 8 and these 

curves meet each other at 120° angles, we have the following set of equations: 

(Ji + 02 + 'Pl + <.p2 = 360°. 

From this we easily get a + f3 + 'Y + 8 = 60°. Summing opposite angles of the component yields 

a + f3 + 'Y + 8 + 01 + 02 = 240°; 

a + f3 + 'Y + 8 + <.p1 + <.p2 = 240°. 

Whence, we get 01 + 02 = <.p1 + <.p2 = 180° QEF 

Remark 6.2. The center of the circle is of course where the two bisectors of any two nonparallel 

sides intersect. The following Lemma shows that Figure 6.4 describes the general case. 

Lemma 6.3. The vertices of a curvilinear quadrilateral component of a regularity satisfying planar 

double bubble form an isosceles trapezoid. Furthermore, if the trapezoid is not a rectangle, then 

the two boundary components corresponding to the parallel sides of the trapezoid lie on the same 

circle. 

Proof. We reflect across the line of symmetry of each arc to see that the component must be an 

isosceles trapezoid. 
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·········· 

Figure 6.5: Quadrilateral components 

Suppose it is not a rectangle. Since the arcs corresponding to the two non-parallel sides make a 

120° angle with the longer of the two parallel sides, they will also make a 120° interior angle with 

the completion of this arc to a circle. Since the component is not rectangular, any arc other than 

these two with the correct curvature which makes a 120° angle with one of the non-parallel arcs will 

not make a 120° angle with the other. We therefore have the desired result. 

QEF 

Remark 6.3. In the previous two lemmas it is actually enough to have two parallel sides be circular 

arcs of the same curvature, the other two boundary curves can then be arbitrary smooth curves. This 

is relevant for example in Figure 2 of [41]. 

Proposition 6.2. In a regularity satisfying double bubble, then arcs .X1 and .X2 connecting to one of 

the two parallel sides of a quadrilateral component that is not a rectangle lie on the same circle. 

Proof. Consider the digon obtained by replacing µ2 with the completion of the arc containing a 1 

and a 2 • This gives us two boundary components of some standard double bubble. Since pressures 

add, we can complete this double bubble with the correct circular piece. Since, locally, the original 

quadrilateral component looks like the standard double bubble, the boundary curves connecting to 

it lie on the same circle. QEF 

Proposition 6.3. Unless both regions and the exterior all have equal pressure, every component 
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of each lowest pressure region of a regularity satisfying double bubble that is not a tiling is non-

contractible. 

Proof. Suppose a component of the lowest pressure region is contractible. Then it is must be a 

curvilinear n-gon, where n is strictly greater than six, since each edge of a lowest pressure region 

must either be straight or bow into the region, and not all the edges are straight, leaving room 

for 120°angles only if there are more than six edges. By regularity, consecutive sides must border 

different regions, son must be even. 

By Proposition 6.2, a region of highest pressure, which we will call R1, has at most two compo-

nents. Since every component of a highest pressure region can have at most four vertices, R1 can 

have at most eight vertices. 

Therefore, there is exactly one lowest pressure region, and it has exactly eight edges, otherwise 

R1 would have too many vertices. 

Furthermore, we note that none of the components of R1 can be digons, since this would leave 

six vertices for the other component of Ri, which as we have noted is too many. Thus, there are two 

quadrilateral components of Ri each bounded by a pair of sides on the octagon. 

By the results of the previous subsection, the double bubble can not be contractible. Therefore at 

least one of the quadrilateral components must wrap around the torus. If only one of the quadrilat-

eral components wraps around the torus, we get the absurd configuration in Figure 6 (a), in which 

two pieces of the quadrilateral that does not wrap are disconnected from one another. If both of the 

components wrap around the torus, either they wrap around different sides, in which case the con-

figuration is a tiling (the octagon square actually- but at any rate, not addressed in this proposition) 

or we have a configuration like that of Figure 6 (b). 

As illustrated, each of the quadrilaterals must admit the inscription of a rectangle on their ver-

tices, otherwise by Lemma 6.3 the sides which do not border the low pressure octagon would lie on 

the same circle, and by Proposition 6.2 the two adjacent edges of the low pressure octagon would 
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A. B. 

Figure 6.6: Two absurd low pressure components 

have to lie on a circle as well, which is ridiculous. 

It now follows from a standard fact about parallel lines and transversals, that the edge of the 

low pressure octagon that joins the two edges shared with the quadrialteral must meet one of these 

edges at an acute angle. But this contradicts regularity, proving the proposition. 

QEF 
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Proposition 6.4. In a perimeter minimizing swath containing a chain K, no component of K is a 

digon. 

Proof. Suppose K contains a digon D. Since D is adjacent to only two components, if it occurs 

in K, it must be adjacent to components of the same region. This requires either that four arcs 

meet at a point, or that some region is separated from itself by arcs which could be removed to 

reduce perimeter. In either case, the original configuraion can not have been minimizing, proving 

the claim. QEF 

Proposition 6.5. Minimizing swaths must be chains with a total of two or four components from 

two regions. 

Proof. By Proposition 6.5 the three regions in a minimizing swath w do not have the same pressure. 

Furthermore, by Proposition 6.3 a least pressure region does not appear in the swath. Also, the least 

pressure region is unique since a swath contains components from two regions. Consider a chain 

K in w. The components in K must alternate between two higher pressure regions R1 and R2. By 

Proposition 6.2 the region of highest pressure, R1, has at most two components, so K has exactly 2 

or 4 total components. 

Suppose K has four components. Then any additional components of the R2 in the swath have 

to be adjacent to components of R1 in the chain (since by definition, the union of swath components 

is connected). However, this is impossible since components of R1 already have four vertices and 

a convex non-polygonal component has at most four vertices. Thus, a swath containing a four 

component chain must be a four-component chain. 

Next, suppose K has two components. Further, suppose the swath contains additional compo-

nents. Then there is some component adjacent to the chain (otherwise the closure of the swath 

is disconnected). As before, there can be no extra components adjacent to the component of R1 

in K. So, there is a component of R1 adjacent to the component of R2 in K. If this is the only 

other component in the swath, then it is a digon which can be eliminated by sliding it along 8R2 

·-------------------------------------------------
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Figure 6. 7: Extra digons do not attach to the symmetric chain 

until it touches another component or a vertex creating an illegal singularity (see Figure 6. 7). If, 

instead, there is another component of R2 attached to the second component of R1 , then it is either 

a digon or it is attached to another component of R1 . In the case of the former, we can eliminate this 

configuration using the same sliding technique. The latter case is impossible since, by Proposition 

6.2 it would have to be attached to an existing quadrilateral component of Ri. This contradicts our 

assumption that the swath contains additional components; therefore, a minimizing swath is a chain 

with two or four components. QEF 

c· 

Figure 6.8: Chain violates regularity. 

Proposition 6.6. In a symmetric 2-component chain where the arcs separating each component 

from the exterior lie on the same circle, the total perimeter of the chain is strictly greater than 3. 

Proof. In a cylinder with geodesic circle of length 1, we can parameterize a symmetric chain com-

posed of two components, by two parameters: the length C of a chord connecting vertices shared 

by both components of the chain, and the angle (} between this chord and the boundary curve con-
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Figure 6.9: Chain constraints. 

necting the same vertices. Here 0 must range between 0 and i radians, since at 0 = i, the chain 

violates regularity (see Figure 6.8). 

At an endpoint of C we draw the radii r 1, r 2 of the two exterior arcs of the chain that meet at this 

point (See Figure 6.9). Connecting the opposite endpoints of these radii (the centers of the circular 

arcs), we have a set of triangles from which we can compute a value of C for a given 0. 

Using the law of sines in Figure 6.9, we discover that i = sin( f-IJ). Since, sin( II.3 + 0) = irQi, 
2 r1 

we get 

- 0) . O) _ C v'3 sm 3 + - 2 

Further simplification yields: 

v'3 2 . 2 C=---sm 0 
2 v'3 

We can obtain a lower bound on the perimeter of the chain by approximating the length of each 

arc by its corresponding chord. This length is exactly 20 + 2. Since C is decreasing in 0 and 

C(i) = )3 .577, we conclude that perimeter is greater than 3. By scaling, we get the result for 

arbitrary cylinders. QEF 
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Proposition 6. 7. For any symmetric chain :E consisting of four components, there exists a two-

component chain with equal perimeter that is similar to an adjacent pair of components in :E. 

Proof. Since alternating components of a 4 component symmetric chain are congruent (this comes 

from symmetry about a line perpendicular to the geodesic circle), we construct a two-component 

chain by taking adjacent components of :E and scaling up by a factor of 2. The perimeter remains 

constant since we doubled half of the original perimeter of :E. Also, by construction, the chain is 

similar to :E. QEF 

Proposition 6.8. All asymmetric chains have perimeter greater than 3. 

Proof. By Lemma 6.3, at least one component of an asymmetric chain must have vertices that form 

a non-rectangular isosceles trapezoid, and the arcs separating this component from the exterior lie 

on the same circle. By Proposition 6.2, the same is true for the other components in the chain. 

We can expand the cylinder continuously, rotating components as needed, until the chain fits 

symmetrically along a geodesic circle (see Figure 6.10) . By Propositions 6.6 and 6.7, the perimeter 

of the chain is greater than three times the side length of the expanded cylinder. Hence the perimeter 

of the chain is greater than 3, and by Proposition 6.3, we have the desired result. QEF 

Figure 6.10: Rotate bubbles and stretch cylinder to make asymmetric chain symmetric. 
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Proposition 6.9. A four-component symmetric chain cannot be a minimizer. 

Proof. Suppose that a four component chain is a minimizer for some pair of prescribed volumes. 

Let R1 be the region of highest pressure. Since each pair of vertices shared by adjacent components is 

separated by the same horizontal distance, we can rearrange the components so that those belonging 

to the same region are adjacent (see Figure 6.11). Upon careful relabelling of the regions, area is 

maintained and we have violated regularity, a contradiction. QEF 

Figure 6.11: A regularity violating rearrangement of the components of a four component symmetric 

chain. 

Proposition 6.10. The only potential minimizer among sws is a standard two-component symmetric 

chain. 

Proof. By Proposition 6.5, minimizing swaths must be chains consisting of two or four components. 

By Proposition 6.8, asymmetric chains cannot be minimizers since they have perimeter greater than 

3. Finally, by Proposition 6.9, minimizing symmetric chains can have only two components. QEF 

Conjecture 6.2. A minimizing standard two-component symmetric has non-zero homology only in 

the short direction of the torus. 

(This can be checked computationally.) 
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6.5.3 A Single Band Adjacent to a Set of Components with Contractible Union 

Proposition 6.11 uses regularity and the results of Proposition 6.2, and Proposition 6.3 to show that 

the only minimizer in the class of double bubbles with a single band adjacent to a set of components 

with contractible union is the band-lens, <l>. 

We will consider a proposed minimizer with regions R1 , R2 and the exterior, such that R1 

contains a band, II. 

In several of the proofs, we do some area maintaining deformation which reduces perimeter, 

or which causes the bubbles to bump up against one other, violating regularity. In either case, the 

original configuration was not a minimizer. 

Lemma 6.4. The pressure difference between R1 and the exterior must be zero, i.e. all curves 

separating R1 from the exterior must be straight lines. 

Proof. Consider a curve separating the band, II, from the exterior. If it is a straight line segment, the 

proof is complete, since the all curves separating R1 from the exterior have the same curvature. 

If the curve to be considered has nonzero curvature, continuously straighten the curve to reduce 

perimeter, and slide one of the sides of arr in order to maintain area. Either we will be able to 

straighten all such pieces while reducing perimeter, or we will first cause a violation of regularity. 

Note that this implies that all curves enclosing components of R2 must have the same curvature. 

QEF 

Lemma 6.5. In the class of double bubbles with a single band, R2 must have a higher pressure than 

both R 1 and the exterior. 

Proof. Assume not. Then components of R2 are either bounded by straight lines, or are concave 

with respect to both R1 and the exterior. 

Now because the blob is contractible, we can create a closed geodesic T which is not in II and 

which is not adjacent to any region but the exterior. If we slide T towards one of the blobs, they 
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must eventually collide. Since all components are either concave or bounded by straight lines, 

the collision either occurs at a point which must be an illegal singularity (i.e. it cannot be 3 smooth 

curves meeting a 120 degree angles), or in a line. If it is in a line, the line with which T collided must 

be a complete closed geodesic, otherwise it would contain an illegal singularity. This configuration 

either is the meridional band solution 3, or 3 beats it. QEF 

Corollary 6.1. R2 has at most two components. 

Proof. This follows directly from the previous lemma and Proposition 6.2. QEF 

Corollary 6.2. All contractible components of a double bubble with a single band consist of compo-

nents of R2. 

Proof. By Lemma 6.5 and Lemma 6.4, R1 and the exterior have equal, lowest, pressure. Thus, by 

Proposition 6.3, their components must be non-contractible. Hence only components of R2 can be 

contractible. QEF 

Proposition 6.11. The only potential minimizer among double bubbles with a single band is the 

band-lens <I>. 

Proof. By Proposition 6.2, R2 (the region without the band) has either one or two components. 

If R2 has a single component, by Corollary 6.2, this is the only contractible component in the 

double bubble. The side of arr which does not intersect aR2 is, by Lemma 6.4, a straight line; and, 

by the definition of a band, closed. Now consider the side which intersects aR2 • Again by Lemma 

6.4, the curve which separates II from the exterior is a straight line. Now, rotate the component 

until this line lies on a geodesic circle, while sliding the boundary of II to maintain area. This will 

always save perimeter or cause a violation of regularity. Now the only way in which curvature and 

regularity conditions can be satisfied is if we have the standard band-lens solution. 

If R2 has two components, by Corollary 6.2 these are the only contractible components that 

share boundary with II. Further, either both components are on the same side of arr or they are on 
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opposite sides of arr. 
Assume they are on opposite sides of arr and consider one of these sides. By Lemma 6.4, any 

curve which separates II from the exterior is a straight line. Now, rotate the component until this 

curve lies on a geodesic circle, while sliding the boundary of II to maintain area. This will always 

save perimeter or cause a violation of regularity. Repeat for the other side. Move one of the com-

ponents so that they both lie on the same side. Now we can slide them, while maintaining area, 

until there is a violation of regularity, showing the configuration to be bad. If the components are 

too large to fit on the same side, the configuration must have perimeter greater than 3, which by 

Lemma 6.3 is a contradiction. 

If both components of R2 are on the same side of arr, we must consider their structure in a bit 

more detail. By Lemma 6.4, any curve which separates II from the exterior is a straight line. Now, 

each component must meet the line of arr in two frames where three curves meet at 120 degree 

angles. Now rotate and shift the two components until all 4 frames and thus the lines connecting 

them lie along a shortest closed geodesic. We can maintain area by sliding the boundary of II, and 

we will either have a violation of regularity, or save perimeter by reducing the original configuration 

to a configuration in which connecting lines are part of a shortest closed geodesic. If we have the 

latter, slide the two components, while maintaining area, until there is a violation of regularity 

showing the configuration to be bad. 

Thus, the double bubble must be the band-lens, q>, QEF 

Lemma 6.6. In a minimizing band-lens, the band must have non-zero homology only in a short 

direction of the torus and the lens must enclose the smallest of the three areas. 

Proof. First we show that any pair of areas that can be enclosed by a band-lens along the long 

direction can be enclosed by a band-lens in the shorter direction. Assume not. Then either the lens 

is too long or too wide to fit in the short direction. If it is too long to fit in the shorter direction, then 

the double bubble will have perimeter greater than three, and, by Proposition 6.3, it cannot be a 
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minimizer. If the lens is too wide, then the geodesic not adjacent to the lens cannot get close enough 

to make the band thin enough. But if this happens in the short direction, then it will certainly 

happen in the long direction where there is less leeway. 

It is easy to see that the lens must enclose the smallest of the three possible areas. This is 

because the other two regions can exchange area for free, but the perimeter of the band-lens is 

strictly increasing with the area of the lens. QEF 

6.5 .4 Tilings 

Propositions 6.12 and 6.13 show that the only minimizing tilings are the hexagon tiling H and 

possibly an octagon-square tiling. The proofs use pressure conditions, the Wichiramala component 

bound, and a variational argument, as well as elementary graph theory and plane geometry. 

Lemma 6. 7. A component C of a perimeter minimizing tiling :E must be a curvilinear polygon with 

an even number of edges greater than or equal to four. 

Proof. Of course, by regularity we know that if x and y are adjacent edges of C, then C is adjacent 

to different regions along each side. This implies that the regions adjacent to C must alternate with 

the edges of C, which is only possible if Chas an even number of edges. 

To complete the proof, we must show that a digon cannot occur in a tiling solution. To do this, 

note that by regularity a component that is a digon must be a lens. This lens either lies on a pair of 

straight lines, or on a pair of curves which lie on the same circle. 

Either way, we can slide the lens along the lines or arcs without changing perimeter or area. Then 

either we reach a violation of regularity, or we can slide the lens around the torus without bumping 

into anything. If the latter is the case, either the lens lies on a free circle, which can be translated to 

cause a violation of regularity, or the lens lies on a free, closed geodesic. The latter implies that :E 

contains a non-contractible component (actually, two), which contradicts our hypothesis. QEF 
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Lemma 6.8. If a tiling of a torus has vertices of degree 3, the average number of edges per compo-

nent is exactly 6. 

Proof. The Euler characteristic on the torus is v - e + c = 0, where v is the number of vertices, e is the 

number of edges, and c is the number of components. Now, let n be the average number of edges 

per component. Then c = since each edge is adjacent to two components, and each component 

averages n edges. We also know that v = since each edge is adjacent to two vertices, each vertex 

is adjacent to three edges. Substituting into the Euler formula, we obtain ( - 1 + )e = 0, from 

which we obtain n = 6. QEF 

Proposition 6.12. A perimeter-minimizing tiling 'E is either a straight-line hexagon tiling, or an 

octagon square tiling (a tiling in which the region of highest pressure consists of two curvilinear 

quadrilaterals, and the other two regions are curvilinear octagons). 

Proof. If the three regions of 'E have equal pressure, then all boundary curves are straight lines. 

Now, the only straight-edged polygon with 120° interior angles is the hexagon, so by regularity all 

components must be hexagons. 

If the three regions of 'E do not have equal pressure, then there is a region R 1 with pressure at 

least as low as all other regions, and a region R2 with pressure at least as high as all other regions. 

For the following vertex-counting argument, note that by regularity each vertex of 'E must be a 

boundary constituent in components of all three regions. 

Now, every boundary curve of an R1 component is either a straight line or bows in, 'so by regu-

larity every R1 component must have at least eight sides. Then Ri components must each contain 

at least eight vertices in their boundaries, so 'E must contain at least eight vertices. 

Similarly, every boundary curve of an R2 component is either a straight line or bows out, so 

by regularity and by Lemma 6.7, every R2 component must have exactly 4 sides and 4 vertices. 

Furthermore, we know by the Wichiramala Component Bound that R2 has at most 2 components. 
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Then R2 components are adjacent to at most (2 components) (4 vertices t) = 8 vertices, so E can componen 

contain at most 8 vertices. 

Thus E must contain exactly eight vertices, and R2 must consist of exactly two four-sided com-

ponents. Now the components of the remaining region, R3 , contain a total of eight vertices in their 

all boundaries. are adjacent to eight vertices, so R3 must have either one 8-sided component or 

two four-sided components. But by Lemma 6.8, the average number of sides per component must 

be exactly six. The only combination that satisfies this condition is for R3 to have one eight-sided 

component. This implies by regularity that R3 must have less pressure than R2 , since a region of 

highest pressure cannot have eight-sided components. 

Thus if the three regions of E do not have equal pressure, there is a unique region of highest 

pressure consisting of two curvilinear quadrilaterals, while the other two regions each consist of a 

single curvilinear octagon. QEF 

Lemma 6.9. The number of components in a minimizing hexagon tiling 1 must be a multiple of 

three, since each region must have the same number of components. 

Proof. By regularity, every vertex in 1 must be adjacent to exactly 1 component from each of the 

three different regions. Then every region has exactly the same number of vertices lying in the 

boundaries of its components. By definition, every component in a hexagon tiling has the same 

number of vertices (6) in its boundary. Then every region must have the same number of com-

ponents. Since there are three regions, the total number of components must be a multiple of 

three. QEF 

Lemma 6.10. A hexagon tiling with 9 or more components is not a perimeter minimizer. 

Proof. We first fix some notation. Given a tiling To with t = 3n hexagons on the 2-torus, the claim is 

that the total perimeter of the tiling is greater than three. 

Extend the tiling To of the torus to a tiling T of the plane, coloring the plane in t colors in the 
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natural manner. Without loss of generality, we may assume that any segment in the perimeter of the 

tiling forms an angle of 0, 7r /3, or 27r /3 with a horizontal line in the plane. 

We can travel from any fixed hexagon H in the tiling to a neighboring hexagon in any of six 

directions, which we label N, NE, SE, S, SW, NW in clockwise order, where by travelling in the N 

direction, we travel to the hexagon which borders the top edge of H. Similarly, we can travel from 

any vertex in the tiling to a neighboring vertex in several possible directions, in three directions from 

any fixed vertex but in six directions total. We label these directions e, se, sw, w, nw, ne, where any 

rays in these directions make clockwise angles of 0, 7r /3, ... , 57r /3 with the horizontal ray pointing 

to the right. 

The first major step is to finding a 'gridlike' fundamental domain 

Suppose that the two hexagons Ai and A2 have the same color, and that we can travel from Ai 

to A2 via some sequence S of directions ( d1 , ... , dr). (Ai and A2 must be associated with different 

fundamental domains, since by choice each component of r0 has a distinct color.) 

Let Bi and B2 be any two hexagons separated by the same sequence of directions. A priori, Bi 

and B 2 need not have the same color - but the folowing inductive argument shows that, in fact, they 

do: 

We travel from Ai to Bi along some sequence of directions ( ei, ... , es); the same sequence of 

directions will take us from A2 to B2 • Now, starting from Ai and A2, and travelling along each 

direction in ( ei, ... , es) simultaneously from each of the two hexagons, we pass through regions of 

the same color at each point (either because all the fundamental domains are colored the same, or 

because they have been identified in a routine way); hence, Bi and B2 are of the same color. 

We claim that there exists some a > 0 such that any two hexagons separated by a sequence of a 

'S's (or equivalently a 'N's) are of the same color. Pick any hexagon in r, and travel in the S direction. 

Among the first t + 1 hexagons reached during this journey, some two must have the same color 

- say, separated by a sequence of a0 Ss. From our work above, it follows that any two hexagons 
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separated by such a sequence are of the same color. So, we may set a = a0 • We can go even further, 

though, and choose a > 0 above to be minimal. 

We now construct our desired fundamental domain as follows. Find a as above. Pick any hexagon 

H 1,1 in the tiling of the plane, and take the a hexagons H 1,1 , ... , Ha, 1 obtained by starting from H 1,1 

and traveling in the S direction a - 1 times. By the minimal definition of a, these have distinct colors. 

If there are already t hexagons here, we have our fundamental domain. 

Otherwise, travel from H 1,1 in the SE direction to reach another hexagon H 1,2, and travel in the S 

direction a - l times to again yield a hexagons H1,2 , •.• , Ha, 2 of distinct colors (by the minimal defi-

nition of a). (Note that by traveling from any Hr,l in the SE direction, one can reach Hr, 2 .) Suppose, 

for sake of contradiction, that one of H1,2, ... , Ha,2 were the same color as one of H1,1 , ... , Ha,1· We 

would then have that each of H1,2, ... , Ha,2 is the same color as one of H1,i, ... , Ha,1; and further-

more, that all hexagons in the tiling r is the same color as one of H1,1, ... , Ha,l· This contradicts 

our construction of r from r0 • We now have found an a x 2 cluster of hexagons, each of a different 

color. If there are already t hexagons here, we have our fundamental domain. 

Otherwise, travel from H 1,2 in the SE direction to reach another hexagon H1,3 , and define 

H1,3 , ... , Hn, 3 in the natural way. These new a hexagons have distinct colors; and as before, these 

colors must be distinct from those of H 1,1 , ... , Ha,1, H1,2 , ... , Ha,2· We now have found an a x 3 

cluster of hexagons, each of a different color. If there already t hexagons, we have our fundamental 

domain. 

Otherwise, we can continue on, although because t is finite, eventually we're bound to find 

our fundamental domain. Also, note that the N edges of the N-most hexagons of our fundamental 

domain our identified with the S edges of the S-most hexagons; similarly with the SE-most and 

NW-most edges. Indeed, the SE-most and NW-most edges are identified "naturally" with each other. 

The next major step is to finding a short noncontractible path along the perimeter of the tiling. 

It is sufficient to show that there exists a sequence S = ( d1 , d2, ... , dk) of directions (along edges) 
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in { e, se, sw, w, nw, ne} with the following properties: 

(i) at most n = of the di equal e or w, at most t of the di equal se or nw, and at most n of the 

di equal sw or ne; 

(ii) from any hexagon's northwest vertex, travelling according to S gives a closed, noncontractible 

path around the torus. 

(Note that if we have two vertices in the tiling of the plane which correspond to the same points 

on the torus, then any continuous path between corresponds to a contractible closed path on the 

torus. With a little work, this fact can be used to ensure that the paths we find below are noncon-

tractible.) 

We select a ( 3a) x b "grid" of hexagons in the tiling which serve as a fundamental domain, where 

all four sides of our fundamental domain contain nw-se edges and the tom and bottom sides are 

identified naturally. Note that it suffices to prove the claim starting from the northwest corner v0 of 

the top edge. Also note that n = ab. 

If b 3, then (d1, d2, d3 , d4, ... , d6a) = (sw, se, sw, se, ... , sw, se) suffices. 

If (a, b) = (1, 2), then (d1, d2, d3, d4) = ( e, se, e, ne). 

Because t 6, we cannot have (a, b) = (1, 1). Thus, we may assume that a 2 and b:::; 2. We 

begin our journey by travelling from v0 along 2b - 1 edges, alternating between travelling e and se 

so that we travel e b times and se b - 1 times. This brings us to a vertex v1 on the left side of our 

fundamental domain. 

If v1 is the west vertex of one of the middle a hexagons of our grid, then our initial 2b - 1 

movements e, se, ... , e are the "same" as between 2a + 1 and 4a - 1 movements sw, se, ... , se. 

From v1 , travel se; then repeat our initial 2b - 1 movements. Our journey is then the "same" as 

moving between 2(2a + 1) + 1 = 4a + 3 and 2(4a - 1) + 1 = 8a - 1 edges sw, se, ... , se. In other 

words, we are now at some vertex v2 which is the west vertex of either (a) one of the top a hexagons 

of the first column; or (b) one of the bottom a hexagons of the first column. 
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In either case, we have travelled e at most 2b times and se at most 2b - 1 times. And we are now 

either (a) on the west vertex of one of the top a hexagons of the first column, or (b) on the west 

vertex of one of the bottom a hexagons of the first column. 

In case (a), we may alternate between travelling ne and nw to reach v0 , travelling neat most a 

times and nw at most a - 1 times. Altogether, then, we have travelled: e at most 2b times, so total is 

2b :::; ab; seat most 2b- l times and nw at most a-1 times, so total is a+ 2b-2 = ab-( a-2) (b-1) :::; ab; 

ne at most a times so total is a :::; ab. 

Hence, condition (ii) is satisfied. 

In case (b), we may alternate between travelling se and sw to reach v0 , travelling se at inost 

a times and sw at most a - 1 times. Altogether, then, we have travelled: e :::; 2b times, so total is 

2b:::; ab; se :::; a+ 2b - 1 times, so total is a+ 2b - 1 = ab - (a - 2)(b - 1) + 1 :::; ab+ 1; sw:::; a - 1 

times, so total is a - 1 :::; ab. 

Hence, condition (ii) is satisfied if a > 2, because in this case the second inequality above is 

strict. 

If a = 2, then it seems that we might have an incredible stroke of bad luck so that all our 

approximations above are sharp. Actually, though, this doesn't happen: one can verify that with a 

6 x 1 or 6 x 2 grid, we can still find a path of the desired form. (To do so in the 6 x 2, we need to 

use the barbell property.) 

We now make the final points to show that r0 has perimeter greater than 3. 

For each of our t hexagons, start at the northwest vertex of the hexagon and travel along 

( d1 , d2 , ••• , dk) as in the lemma of the previous section. Each of these t overlapping paths uses 

at most n = t/3 edges parallel to thee (resp. se or sw) direction, implying that they use a total of 

t2 /3 such edges. Furthermore, a symmetry argument implies that all of the t edges parallel to the e 

(resp. se or sw) direction are used the same number of times in these t paths. Therefore, each edge 

is used at most at most (t2 /3)/t = t/3 times in these overlapping paths. 
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Thus, the total perimeter P' of the t overlapping paths is at most t/3 times the perimeter P of r0 • 

Furthermore, each of the t overlapping paths has perimeter greater than 1, implying that alto-

gether their total perimeter P' is greater than t. 

It follows that 

t < P'::;; (t/3)P, 

or P > 3. QEF 

Lemma 6.11. A hexagon tiling Y with 6 components has perimeter strictly greater than 3. 

Definition 6.1. Let a barbell be a pair of hexagons related as in Figure 6.12. Then the two hexagons 

each adjacent to both hexagons of the pair must be of different regions (Band C in Figure 6.12), 

and the two hexagons of the barbell must be of the same region (A in Figure 6.12). 

Figure 6.12: Regularity satisfying hexagon tilings exhibit the barbell-lift property. 

Definition 6.2. Let a web W be a set of hexagons {x1 , x 2 , ••• , xn} in the lift of a tiling such that for 

any hexagon Xi E W, another hexagon y is also in W if Xi and y are contained in the same barbell. 

Then every hexagon in a web must be of the same region. Furthermore, a web contains exactly 

one third of the hexagons in the tiling, so all components of a region are contained in a single web. 

Proof. By the perimeter bound, a double bubble whose set of boundary curves contains three non-

contractible non-geodesic circles as disjoint subsets is not perimeter-minimizing. We show that Y 

must contain three such circles by considering the lift of Y to the plane. 



CHAPTER 6. T2 129 

Let the three regions of the tiling be labelled A, B, and C. Note that in the lift, there are exactly 

two unique hexagonal components of each region; let these components be labelled Ai, A2, Bi, B2, 

Figure 6.13: Structure of the lift of a six-hexagon tiling. 

Now consider a seven-hexagon segment of a web as in Figure 6.13. Let the center hexagon be 

Ai. Then the other six hexagons must all be of region A, by the definition of a web. Further, at 

least one of the other six hexagons must also be Ai, since if all of them were A2 then we would 

have the relation that every hexagon directly above or below A2 in the web was also A2, which 

would imply that the center hexagon was A2, a contradiction. Let the hexagon immediately below 

the center hexagon be Ai. This immediately implies that the hexagon above the center hexagon is 

also Ai, again by identification. Now if any of the remaining four hexagons is Ai, then all of the 

hexagons in the segment, and therefore all of the hexagons in the web, must also be Ai. Thus, the 

remaining four hexagons must all be A2 • Now, considering the web as a whole we see that it consists 

of alternating vertical stripes of Ai and A2 hexagons. Now consider the hexagon adjacent and to 

the left of the center hexagon in the original web segment. Let this hexagon be the unique hexagon 

Bi. Then every Ai hexagon has a Bi hexagon adjacent and to its left, and we see that in the B web 
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we also have alternating vertical stripes of B1 and B2 hexagons. The same pattern holds for the C 

web. Thus, there is a single fundamental pattern in the arrangement of the six unique hexagons, up 

to rotation and relabelling. See Figure 6.13. 

Figure 6.14: A fundamental domain for a six hexagon tiling has perimeter greater than three, since 

we can exhibit three non-trivial closed curves. 

Now the set of six hexagons in Figure 6.14, with boundary curves identified as shown, has 

precisely the same structure and contains precisely the same perimeter as a six-hexagon tiling of a 

parallelogram torus. The three paths highlighted in Figure 6.14 are three disjoint non-contractible 

non-geodesic circles, since for each path the endpoints are in fact the same (identified) point. QEF 

Figure 6.15: In a hexagon with regular angles, a simple geometric construction shows that opposite 

adjacent side pairs have perimeters which sum to the same total. 



CHAPTER 6. T2 131 

Lemma 6.12. In a hexagon that satisfies regularity, the sum of the lengths of two sides that are 

adjacent is the same as the sum of the lengths of the opposite pair of adjacent sides. 

Proof. Let two adjacent sides of a regular hexagon be labelled ai and bi, the opposite pair of adjacent 

sides be labelled a2 and b2, and the remaining two sides be labelled ci and c2, as in Figure 6.15. 

Also, let the vertex between ai and bi be Vi and the vertex between a2 and b2 be V2. Then since ci 

and c2 are parallel, the sum of the perpendicular distance from Vi to each of ci and c2 is the same as 

the sum of the perpendicular distance from V2 to each of those sides; labelling these distances as in 

Figure 6.15, we get xi + x2 = X3 + X4. Now, by the Law of Sines we have ai = si:ti), bi = si:(i), 

a2 = si:Ci), and b2 = si:(i). Combining these equations, we get ai +bi = a2 + b2, as desired. QEF 
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Figure 6.16: Shrinking or expanding components of a tiling of hexagons generates double bubbles 

enclosing different areas, but does not change perimeter. 

Lemma 6.13. A 3-component straight-edge hexagon tiling enclosing arbitrary areas has the same 

perimeter as a 3-component straight-edge hexagon tiling of equal areas. 

Proof. First, note that "shrinking" or "expanding" a single hexagon in a straight-edged hexagon tiling 

(as in Figure 6.16 is a smooth variation through equilibrium double bubbles and hence maintains 

perimeter. 
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Now consider the three unique hexagons in a 3-component straight-edge hexagon tiling, with 

boundary curves identified as in Figure 6.17. Let the nine unique sides, in three groups each of three 

sides parallel to one another, be labelled ai, a2, a3, bi, b2, b3, ci, c2, and c3, such that ai 2'.: a2 2'.: a3, 

bi 2'.: b2 2'.: b3, and ci 2'.: c2 2'.: c3. Then if ai = a2 = a3, bi = b2 = b3, and ci = c2 = c3, the three 

hexagons are congruent and therefore have equal area. (In fact, any one of these equality equations 

implies the other two, by Lemma 6.12). We show that by shrinking or expanding hexagons we can 

transform any straight-edged hexagon tiling into one with congruent hexagons. 

C1 

Figure 6.17: A generic fundamental region of a three-hexagon tiling looks something like this. 

We start by showing that we can always label the nine sides in such a way that the hexagon Hi 

with sides labelled ai and a2 also has sides bi, b2, ci, and c2. Let the remaining sides of Hi besides 

ai and a2 be ba, bb, ca, and cb, as in Figure 6.17. Since ai 2'.: a2, by Lemma 6.12 we know that 

ba bb and Ca 2'.: Cb· Similarly, since ai 2'.: a3, we have ba 2'.: be and Ca 2'.: cc, and since a2 2'.: a3, we 

have bb 2'.: be and Cb Cc· Thus we can always set ba = bi, bb = b2, Ca = ci, Cb = c2, and Cc = c3 so 

that Hi has sides with subscripts 1 and 2, while H 2 has sides all of subscript 1or3, and a hexagon 

H 3 has sides all of subscript 2 or 3. 

Now consider a straight-edged three-hexagon tiling with hexagons of unequal area and side 

labels as described above. Then at least one of the inequalities in ai 2'.: a2 2'.: a3 must be strict, or the 

tiling would be equal-area. 
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Suppose ai > a2. Then know from Lemma 6.12 that bi > b2 and ci > c2. Now let us "expand" 

we can do this smoothly, since ai is bounded below by a2 • Note also that by Lemma 6.12, ai = a2 

implies bi = b2 and ci = c2, so during the transformation we also have bi bounded from below by 

b2, and ci bounded below by c2. Thus none of the sides that we are shortening vanishes to zero 

length. 

Now either ai = a2 = a3 and we are done, or ai = a 2 and a2 > a 3 • If the latter, then let us 

Again, we know we can do this smoothly, since ai and a2 are bounded from below by a 3 • As before, 

a2 = a3 implies b2 = b3 and c2 = c3, so bi, b2, ci, and c2 are all bounded from below as well. 

Thus, by expanding H 3 and/or shrinking Hi as necessary, we can continuously deform any 

straight-edged hexagon tiling into one with congruent hexagons, and thus equal areas. QEF 

a 
..... ..... ..... ..... 

s', ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... 
a 

Figure 6.18: A closed geodesic in a three-hexagon tiling. It is a simple geometric argument to show 

that a+ b + c > s, except in the case of the hexagonal torus, which implies that the hexagonal tiling 

in all other cases loses to the double band solution. 

Lemma 6.14. A 3-component straight-edge hexagon tiling with congruent hexagons has perimeter 

strictly greater than 3 on all tori except the hexagonal torus. 
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Proof. A 3-hexagon tiling with congruent hexagons has three unique side lengths, a 2: b 2: c, and 

perimeter P = 3(a + b + c). We show that unless a = b = c, a+ b + c is always greater than the 

length of a closed geodesic, and therefore the perimeter P is always greater than 3. 

Consider some hexagon in such a tiling, and let Vi be a vertex between sides of length a and b. 

Then the line connecting the diametrically opposed vertex V2 (also between sides of length a and 

b) with the copy of V2 that is connected to Vi by a single side of length c, is a closed geodesic. See 

Figure 6.18. 

Let 8 be the length of that geodesic. Then by the Pythagorean Theorem we have 8 2 = ( Y.}--c + 

.ilb + .ilc)2 + (a+ £ - 1!. + £) 2 which reduces to 2 2 2 2 2 ' 

82 = a2 + b2 + 4c2 + 2ac + 2bc - ab 

= ( a2 + b2 + c2 + 2ac + 2bc + 2ab) - 2ab + 3c2 - ab 

= (a+ b + c)2 + 3c2 
- 3ab. 

Now suppose at least one of the inequalities in a 2: b 2: c is strict. Then c2 <ab, so 3c2 - 3ab < 0 

and (a+ b + c) 2 > 82• Thus P = 3(a + b + c) > 38, so the perimeter of the tiling is strictly greater 

than three unless a = b = c. Note from Figure 6.19 that the latter condition can only be satisfied 

on the hexagon torus, and that in this case the geodesic we constructed above is the shortest closed 

geodesic so the perimeter of the tiling is precisely 3. QEF 
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Figure 6.19: A three-hexagon tiling of congruent hexagons fits on the hexagonal torus, and is in fact 

a minimizer. 
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Proposition 6.13. The only hexagon tiling that is perimeter-minimizing is the 3-component straight-

edge hexagon tiling on the hexagonal torus. 

Proof. By Lemma 6.9, the number of components in a minimizing hexagon tiling must be a multiple 

of 3. By Lemma 6.10, a hexagon tiling with 9 or more components is not perimeter-minimizing. 

By Lemma 6.11, a hexagonal tiling with 6 components has perimeter strictly greater than 3, so by 

the perimeter bound it is not perimeter-minimizing. Thus, a perimeter-minimizing hexagon tiling 

must have exactly 3 components. By Proposition 6.12, a perimeter-minimizing hexagon tiling must 

have straight edges. By Propositions 6.13 and 6.14, a 3-component straight-line hexagon tiling has 

perimeter strictly greater than 3 on all tori except the hexagonal torus, so by the perimeter bound 

the only hexagon tiling that can be perimeter-minimizing is the 3-component tiling on the hexagonal 

torus. 

QEF 

6.6 Formulas for Perimeter and Area 

This section gives formulae for area and perimeter of the three potential minimizers from section 6.5: 

the standard double bubble 8 (Proposition 6.14), the two-component symmetric chain 0 (Proposi-

tions 6.15, 6.16), and the band-lens<}} (Proposition 6.18). We use these formulae to obtain the phase 

portrait of Figure 6.2. Propositions ?? and 6.19 show that the two-component symmetric chain and 

the band-lens are unique for prescribed areas. 

6.6.1 Formulas for the Standard Double Bubble 

We begin by stating a few simple geometric formulae that describe circular arcs meeting chords. 

Remark 6.4. Given a circular arc .A and a chord of length C meeting the arc at (interior) angles (), 

the area between the arc and the chord, the length of the arc, and the radius of the circle are given 
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by: 

A(O,C) = C2 (0- sinOcosO) 
4 sin2 () 

L(O, C) = 
smO 
c 

R(O, C) = -2 . () sm 

Here area means the area between an arc and chord. 
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(6.1) 

(6.2) 

(6.3) 

Formulae for perimeter and area of the standard double bubble as derived by Foisy [24, Section 

2] are given in the following proposition. 

Proposition 6.14. The area and perimeter formulae of a standard double bubble in terms of the 

separating chord length C and the angle() at which it meets the interior arc are (smaller region R1) 

211" 
AR1 (0, C) =A( 3 - 0, C) + A(O, C) 

211" 211" 
P(O, C) = L( 3" + 0, C) + L( 3" - 0, C) + L(O, C) 

Proof. These formulae follow directly from Equations 6.1-6.3. QEF 
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Figure 6.20: Important angles and lengths in a symmetric two component swath. 

Figure 6.21: Arcs curve the right direction but intersect. 
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6.6.2 Formulas for the Standard 2-Component Symmetric Chain 

r3 - B') 

Figure 6.22: Conditions for tangency give the appropriate lower limit of the parameter fh. 

Representing vertices by rectangles in a 2-component symmetric chain, gives a natural parame-

terization in terms of an angle (Ji and a chord length C1 determined by the boundary of the highest 

pressure region, R1, with the exterior (Figure 6.20). We label this curve Ai. Let 02 and C2 be the 

corresponding parameters for each arc A2 between the exterior and R2. Similarly, 03 and C3 describe 

arcs A3 between Ri and R2· 

Given 01 and Ci, we can determine x-,1. The A/s meet at 120°, so we get that 02 = i - 01 and 

03 = i - 01 • Since C1 + C2 = 1, we recover C3 from the radius formula above using the fact that 

curvatures add to zero at each vertex. In sum, we have: 
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1 C1 -=---; 
"'1 2 sin 01 

__.!_ _ C2 . 
"'2 - 2 - 01)' 
1 C3 =-----

1\,3 2 sin( i - 01)° 

In terms of C1 and 01, the formula for C3 becomes 

C _ C1 (1 - C1) sin(i - 01) 
3 

- (1- C1) sin01 - C1 - 01)" 
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Now we must specify a range of values for 01 and C1 where the swath makes sense, i.e. we find 

a parameter space where swaths do not violate regularity. 

By symmetry, we can restrict C1 to the open interval (0, ! ) (We exclude the endpoints to ensure 

uniqueness, and deal with these cases separately.) If we consider a frame of 3 vectors v1 , v2 , v3 

meeting at 120° we can model the set of tangent vectors to each arc at a given vertex (see Figure 

6.21). In particular, we can place this frame at the intersection of the ,vs and consider the structural 

change of a bubble under a small rotation of the frame. In the case of C1 = !, v3 must coincide with 

C3 otherwise .-\3 will bow into the region of higher pressure. For instance, rotating the frame slightly 

counterclockwise makes "'2 > "'1 which implies R2 has higher pressure with respect to the exterior. 

Since v3 points into R2 , this construction cannot work. For an arbitrary C1 (less than ! ), we rotate 

the frame until "'1 = "'2, this particular construction cannot work since v3 must point horizontal 

if the regions have equal pressure. Rotating the frame slightly counterclockwise presents the same 

problem as before. If we rotate clockwise, we may initially produce a chain which intersects itself 

(see Figure 6.21)). At a certain value 0' of 01 the are tangent and beyond that, until 01 = i' 
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the construction is regular. (Unless C1 = ! the angle 01 = is not valid. Again, we treat this case 

separately.) 

We see from figure 6.20) that O' satisfies 

7r I 1- C1 
r3 cos( - - 0 ) + -- = r3 6 2 

Upon further simplification, this condition reduces to 

C1 = sinO' 

Thus, 01 must lie in (sin-1(01), can now write down formulae for the area and perimeter of 

chains. 

Proposition 6.15. Using the parameterization of Section 6.6.2, the area and perimeter formulae for 

symmetric chains with components of unequal pressure are 

where C2 and C3 are given by 

C1 (1 - C1) - 01) 
C3 = (1- C1) sin01 - C1 - 01) · 

Proof. These formulae follow directly from the parameterization and Equations 6.1-6.2. QEF 

Now we must treat the case where C1 = We showed above that 01 = at this point, otherwise 

the construction is irregular. However, this does not determine a unique value for C3 , in fact, it can 

take on any value greater than zero. Since all other arc lengths and angles in the chain are fixed, we 

have a simple formula relating volume and perimeter of such chains. 



CHAPTER 6. T2 142 

Proposition 6.16. In symmetric chains comprised of equal pressure components, perimeter as a 

function of the area of one region is given by 

P(A ) = 4A 27r + 3v'3 R1 + 6 

where A > 2A(E 1) - 2rr-3v'3 Ri 6' 2 - 24 

Proof. By Equations 6.1-6.2, we know the perimeter and area in terms of C3 

7r 1 27r 
P = 4L(6, 2) + 2C3 = "3 + 2C3 

7r 1 C3 27r - 3v'3 C3 
AR1 = AR2 = 2A(6, 2) + 2 = 24 + 2 

This allows us to get perimeter as a function of area. Combining equations yields 

For, AR1 > 2A( = 2rr-;!0, the chain is regular QEF 

Conjecture 6.3. Given prescribed areas a1 and a2 , and up to isometries of the torus, there is a 

unique standard two-component symmetric chain with homology ( 1, 0) endosing these areas. 

Note that even if this conjecture fails, all we really need is the weaker result that the chain is 

unique when it is minimizing. This is probably not at all hard to show. 

Proposition 6.17. For a given set of area pairs, and based on the parameterization described in this 

subsection, if the perimeter of an immersed symmetric is less than or equal to the perimeter of the 

embedded minimizer for those areas, then it is itself embedded. 

Proof. We must consider the case when the symmetric chain overlaps itself around the torus. Clearly, 

C3 must be less than .5, or else the double bubble would have perimeter greater than three. C3 is 

perpendicular to the shortest side of the torus, so C3 < L · sin(O), where() is the smallest interior 

angle of the torus, since otherwise two vertices which fall on a geodesic, 91, in the short direction, 
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would wrap around past the other two vertices (which also lie on a geodesic, 92) and there would 

be no exterior. This case falls outside of our calculation and thus we do not need to consider it. 

Thus, there exists a distance E = L · sin(B)- C3 > 1 · > .365 that separates 91 and92 • 

But somewhere in the parallelogram that lies between 91 and 92, the double bubble intersects 

Now there are three cases. Case 1 is when R 1 or R2 intersects one of the vertices of the chain. Case 

2 is when R1 intersects R2. Case 3 is when R1 or R2 intersects itself. 

Case 1: Assume that R1 intersects one of the vertices of the chain. Thus, given --\1 and the height, 

h1 that it makes with its chord, then h1 > t:. 

Now, we'd like to calculate the length of --\1 , 

But 

So 

Thus, 

We put 

Then 

2. h1 
C1 = (B / ) > .73/tan(fh/2). tan 1 2 

x f(x)=----
tan(x/2) sin(x) 

x · cos(x) + x 
sin(x)2 

f'(x) = -(x · (cos(x))2 - (sin(x) - 2 · x) · cos(x) - sin(x) + x). 
sin(x)3 

But since x > sin(x) for x > 0, on the interval [O, 11" /3], f'(x) < 0 and thus f is decreasing. Thus, 

.73·11"/3 
L(--\1) > ( /6) . ( / 3) > 1.528, tan 11" • sm 11" 

and so P > 2 · 1.528 > 3. 
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Case 2: Assume that Ri intersects R2 but neither intersects one of the vertices of the chain. 

Thus, given -\1 and -\2, and the height, h1 and h2 that each makes with its respective chord, either 

Now, we would like to calculate the sum of the lengths of ,\1 and -\2 , 

. But 

So 

Thus, 

But, from above 

x f(x)=----
tan(x/2) sin(x) 

x · cos(x) + x 
sin(x)2 

is decreasing. So if we assume, without loss of generality that 01 fh, then 

for all () in the interval [O, 7r /3], as above. So P > 2 · 1.528 > 3. 

Case 3: Now assume that R1 intersects itself. They will clearly intersect in a lens. We can remove 

the lens, and get the area back with less perimeter in the exterior. (This is where I wanted to have the 

isoperimetric inequality for free boundary closed surfaces - I employ a different method that needs 

tuning.) To see this, align the lens perpendicular to the axis of symmetry of the chain and center 

it over the €-rectangle and where the exterior is widest. If the exterior is not wider at this point 

than the lens, separate the two circular arcs of the lens and slide them apart until the intersection of 

these arcs with the exterior encloses the same area that the lens had, and with less perimeter. If this 
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component of the exterior does not have enough area, take the whole component and repeat with 

a different component. If there is not enough area in the whole region, then the immersed double 

bubble lies outside our calculations. We must still consider the case where the exterior is too wide. 

If the lens fits, we are done. If not, then ... I can't explain this without a picture. I will get on that for 

next time. QEF 

This completes the description of symmetric chains. Note that when computing perimeter later, 

we restrict our parameter space even more by requiring C3 < since the polygonal arc length of 

chains not satisfying this inequality is already greater than 3. 

6.6.3 Formulae for the Band-Lens 

The family of Band-Lens bubbles can be parameterized nicely in terms of two parameters, r, the 

radius of curvature ( of the lens, and d, the width of the band. Of course, the lens can only 

be as tall as the cylinder, so r can be at most 2 i = )3. For a given r, the width of the band must 

be at least half the width of the lens. Thus d is at least From this we can compute the area and 

perimeter of a Band-Lens. 

Proposition 6.18. The area and perimeter formulae for a band-lens bubble in terms of r and d 

(r < )3, d > are 

( 2 7r v'3) A Lens r) = 2r ( 3 - 4 
. 2 7r V3 

ABand(r,d) = d- r (3 - 4) 
47r . lo P(r, d) = ( 3 - v 3)r + 2 

Proof. Using Equations 6.1-6.2 we can compute the area of both components. The chord length C 

of the lens is 2r sin i = vf3r. This gives us 

7r lo 27r V3 ALens(r) = 2A(3,v3r) = 2r (3- 4) 
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The perimeter is given by 

P(r, d) = 2L(i-, J3r) + (2 - J3r) = (4
; - J3)r + 2 

QEF 

Proposition 6.19. Given prescribed areas a1 and a2 , there exists a unique (up to isometry of the 

torus) minimal band-lens. 

Proof The lens is uniquely determined by the length, C, of the chord separating its vertices, and the 

interior angle B between the two boundary arcs. By regularity B is fixed. Moreover, the area of the 

lens is strictly increasing in C. Thus, given the smallest area A1 of the three regions of the double 

bubble, there is a unique lens enclosing that area. The chord of the lens must lie parallel to the short 

side of the torus and thus the lens is positioned uniquely up to Further, the vertices are 

connected by a uniquely determined line segment also parallel to the short direction of the torus 

and there exists a unique geodesic in the short direction which will enclose the proper area. QEF 

Proposition 6.20. For a given set of area pairs, and based on the parameterization described in this 

subsection, if the perimeter of an immersed band-lens is less than or equal to the perimeter of the 

embedded minimizer for those areas, then it is itself embedded. 

Proof The first case we consider is the case in which the band with smaller area is too narrow, so 

that the shortest closed geodesic which is a component of its boundary intersects the boundary of the 

lens. But we can create a new,. embedded, double bubble by eliminating the section of the geodesic 

which intersects the lens and sliding the rest of the geodesic inward to compensate for area. But this 

double bubble has perimeter less than the band lens, and further, contradicts regularity. So for such 

"difficult" area pairs, the band-lens is not a minimizer. 
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The second case to be considered is the case in which the lens does not fit along the short 

direction of the torus. In this case, the double bubble clearly has perimeter greater than three, 

and by Proposition 6.3, it cannot be a minimizer. Thus, if the immersed band-lens would minimize 

perimeter, then it must be embedded. QEF 

6.7 Perimeter Minimizing Double Bubbles on the Flat 2-Torus 

and the Infinite Cylinder 

Main Theorem 1. Each perimeter minimizing double bubble on a flat 2-torus is one of the following 

six types, depending on the areas to be enclosed: 

i) the standard double bubble, e, 

ii) the band-lens, 

iii) the double band, 3, 

iv) a symmetric two-component chain n, 

v) the hexagon tiling, H, on the hexagonal torus, or 

vi) an octagon-square tiling, X. 

Conjecture 1 says that the octagon-square tiling is never perimeter-minimizing. 
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Proof. Proposition 6.6 shows that a minimizer must be either a a contractible double bubble, a tiling, 

a swath, a band adjacent to a set of components whose union is contractible, or the double band 

(after perhaps relabelling the two regions and the exterior). 

First we consider all minimizers that do not fall in the class of tilings. 

By Proposition 6.1, the only potential contractible minimizer is the standard double bubble 8. By 

Proposition 6.10, the only potential swath minimizer is the symmetric two-component chain 0. By 

Proposition 6.11, the only potential minimizer among bands adjacent to a set of components whose 

union is contractible is the band-lens <I>. 

We focus here on potential minimizers that are tilings. Propositions 6.12 and 6.13 tell us that 

such a tiling must be either the special hexagon tiling H or an octagon-square tiling. QEF 

Lemma 6.5. On the flat 2-torus, there exist area pairs for which the band-lens is perimeter mini-

mizing, and separately for which the standard double bubble is perimeter minimizing. 

Proof. Consider regions Ri and R2 with area Ai and A2 in a perimeter minimizing double bubble. 

By [21] , the perimeter minimizing single bubble for area Ai is either a single band, a circle, or 

the complement of a circle, depending on the area Ai. Thus, in the limit through minimizing 

double bubbles as A2 goes to zero, we must get back the single band, circle, or complement of a 

circle enclosing Ri. This is only possible if for very small A2 , the minimizing double bubble is the 

band-lens or the standard double bubble which will in the limit be the single band or the circle or 

complement of a circle, respectively. QEF 

Corollary 6.1. Each perimeter minimizing double bubble on a torus with unit shortest side length 

and longest side of length greater than J3 is of one of the following four types of Figure 6.1, 

depending on the areas to be enclosed: 

i) the standard double bubble e' 



CHAPTER 6. T2 149 

ii) the band-lens 

iii) the symmetric two-component chain n, or 

iv) the double band S formed by three geodesic circles. 

Proof. By Proposition 6.4, no tiling can occur on a torus with unit shortest side length and longest 

side length greater than VJ. Thus, by the Main Theorem, each perimeter minimizing double bubble 

must be of one of the above types. 

QEF 

Corollary 6.2. Each perimeter minimizing double bubble on the infinite cylinder of unit circumfer-

ence is of one of the following four types of Figure 6.1, depending on the areas to be enclosed: 

i) the standard double bubble e' 

ii) the 

iii) the symmetric two-component chain n, or 

iv) the double band S formed by three geodesic circles. 

Proof. Clearly there cannot be a tiling on the infinite cylinder. As for the non-tiling minimizers, all 

proofs carry over from the proof of the main theorem. This is because locally, the cylinder looks 

like a section of the torus. And none of the proof strategies require "wrapping" around on the torus, 

where something could go on to infinity on the cylinder. 

QEF 
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Remark 6.5. Note that on the infinite cylinder and the torus with longest side greater than \1'3, each 

of the four minimizers occurs. Since we have paramterized each of them, the phase plots in Figure 

6.2 provide a complete description of the minimizers for each area pair. 

6.8 Numerical comparisons between Minimizer Finalists 

Now that we have established what the minimizers can be, we will do a numerical comparison to 

show which double bubbles occur as minimizers given a arbitrary area pairs. To do this, we plot 

perimeter versus area for each minimizer (using the parameterizations from the previous section) 

and numerically find the actual minimizer. Figure 6.2 contains 2-d plots showing where each mini-

mizer occurs for the whole parameter space. Further, in Figure 6.23 we have plotted the intersections 

of the standard double bubble graph and the band-lens graph as evidence that these surfaces do in 

fact intersect in well-defined curves. 

Figure 6.23: This graph of the intersection of the area for the standard double bubble and the band-

lens shows that the boundaries between regions in the phase plots are likely to be smooth curves. 
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It is important to note that because we have not parameterized the octagon square, we can not 

a priori assume that each of these potential minimizers is actually a minimizer since the octagon 

square might beat everything else. Lemma 6.5 proves that the band-lens and the standard double 

bubble do in fact occur as minimizers. 
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t3 

Charter. We present a conjecture, based on computational results, on the area minimizing way to 

enclose and separate two arbitrary volumes in the flat cubic three-torus T3 • For comparable small 

volumes, we prove that an area minimizing double bubble in T3 is the standard double bubble from 

Rn. 

7 .1 Introduction 

Our Central Conjecture 2.1 states that the ten different types of two-volume enclosures pictured 

in Figure 1 comprise the complete set of surface area minimizing double bubbles in the flat cubic 

three-torus T3 • Our numerical results, summarized in Figure 7.2, indicate the volumes for which we 

conjecture that each type of double bubble minimizes surface area. Our main theorem, Theorem 

4.1, states that given any fixed ratio of volumes, for small volumes, the minimizer is the standard 

double bubble. This result applies to any smooth flat Riemannian manifold of dimension three or 

four with compact quotient by its isometry group. 
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The double bubble problem is a two-volume generalization of the famous isoperimetric problem. 

The isoperimetric problem seeks the least-area way to enclose a single region of prescribed volume. 

About 200 BC, Zenodorus argued that a circle is the least-perimeter enclosure of prescribed area 

in the plane (see [19]). In 1884, Schwarz [47] proved by symmetrization that a round sphere 

minimizes perimeter for a given volume in R3 • Isoperimetric problems arise naturally in many areas 

of modern mathematics. Ros [ 44] provides a beautiful survey. 

Soap bubble clusters seek the least-area (least-energy) way to enclose and separate several given 

volumes. Bubble clusters have served as models for engineers, architects, and material scientists 

(Emmer [13] surveys some architectual appiications, and the text by Weaire and Hutzler [57], an 

introduction to the physics of space-filling bubble clusters or foams, discusses numerous other appli-

cations). 

·Existence and regularity The surface area minimizing property of bubble clusters can be codified 

mathematically in various useful ways, using the rectifiable currents, varifolds, or (M, i:, <>)-minimal 

sets of geometric measure theory (see [34]). In three dimensions, mathematically idealized bub-

ble clusters consist of constant-mean-curvature surfaces meeting smoothly in threes at 120°along 

smooth curves, which meet in fours at a fixed angle of approximately 109° ([53, Theorems 11.4, I\T.5, 

I\T.8], or see [34, Section 13.9]). 

Bubbles in the three-torus In comparison with R3 and T2, the double bubble problem in T3 ap-

pears to be more difficult. In the torus it is not possible to push through a component bound like 

Hutchings', since a key step in his proof is to show that the double bubble has an axial symmetry. 

Nor is a variational bound after Wichiramala forthcoming, due to the additional topological compli-

cations in three dimensions. Until some new approach provides a component bound, there probably 
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will be no definitive results. Indeed, the single bubble for the three-torus is not yet completely un-

derstood, although there are partial results. The smallest enclosure of half of the volume of the 

torus was shown by Barthe and Maurey [2, Section 3] to be given by two parallel two-tori. Morgan 

and Johnson [36, Theorem 4.4] show that the least-area enclosure of a small volume is a sphere. 

Spheres, tubes around geodesics, and pairs of parallel two-tori are shown to be the only types of 

area minimizing enclosures for most tori by the work of Ritore and Ros ([42, Theorem 4.2], [43]). 

Theorem about small volumes Theorem 4.1 states that any sequence of area minimizing double 

bubbles of decreasing volume and fixed volume ratio has a tail consisting of standard double bubbles. 

The central difficulty is to bound the curvature. This accomplished, we show that the bubble lies 

inside some small ball that lifts to R3 , where a minimizer is known to be standard [23]. The result 

·extends to any flat 3- or 4-manifold with compact quotient by the isometry group. 

Our proof goes roughly as follows. From the original sequence of double bubbles we generate 

a new sequence by rescaling the manifold at each stage so that one of the volumes is always equal 

to one. We can then apply compactness arguments and area estimates to the rescaled sequence to 

show that certain subsequences of translates have non-trivial limits. These limits are used to obtain 

a curvature bound on the original sequence. With such a bound, we can apply monotonicity to con-

clude that if the volumes are small, the double bubble is contained in a small ball. We conclude that 

it must be the same as the minimizer in R3 or R4, i.e. that it must be the standard double bubble by 

[23] or [41]. 

Plan of the Paper. Section 2 reviews the methods leading to our Central Conjecture 2.1 and to 

Figures 7.1 and 7.2. Section 3 surveys some subconjectures. Section 4 focuses on the proof of Theo-

rem 1 on small volumes. Section 5 shifts from the cubic to other tori and discusses other conjectures 
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and candidates, including a "Hexagonal Honeycomb." 

7.2 The Conjecture 

Generating Candidates. Many possibilities for double bubbles in the three-torus T3 were proposed 

in brainstorming sessions by participants in the Clay /MSRI Summer School. In order to classify the 

candidates we used the following method. Starting with a standard double bubble, we imagined one 

of the two volumes growing until the bubble enclosing it wrapped around the torus and encountered 

an obstruction. Following the principles of regularity for bubble clusters, if a bubble collided with 

itself we opened the walls up, whereas if two different bubbles collided we allowed them to stick 

together. We then repeated this procedure for these new double bubbles, sometimes changing the 

perspective slightly or becoming a bit more fanciful (e.g. the Center Cylinder of Figure 7.1 or Gary 

Lawlor's Fire Hydrant of Figure 7.3, also known as "Scary Gary"). 

Producing the Phase Diagram. Brakke's Surface Evolver [5] was used to closely approximate the 

minimal area that a double bubble of each type needs to enclose specified volumes. Our initial simu-

lations gave us the approximate surface area for each candidate double bubble, tested on partitions 

v1 : v2 : v3 of a unit volume taken in increments of 0.01. From the data obtained in these simulations, 

we found the least-area competitor for each volume triple. Figure 7 .1 shows the candidates we 

found to be minimizing for some set of volumes. The phase diagram appearing in Figure 7 .2 is the 

result of refining our initial computations along the boundaries with a 0.005 increment. 

Central Conjecture 1. The ten double bubbles pictured in Figure 7.1 represent each type of surface 

area minimizing two-volume enclosure in a flat, cubic three-torus, and these types are minimizing 
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for the volumes illustrated in Figure 7.2. 

Comments. One might expect that minimizers would be found among the various regularity-

satisfying conglomerations of topological spheres and homotopically non-trivial tori, other possi-

bilities being excessively complex. This was borne out in our computations. It is interesting to 

note, however, that not all of the simple possibilities appeared as minimizers (at least one of the 

enclosures in Figure 7.1 was always more efficient than the Transverse Cylinders pictured in Figure 

7.3). The various double bubbles of Figure 7.3, while stable for a certain range of volumes, were 

never area minimizing. A challenging unsolved problem is to find all of the stable non-minimizing 

bubbles. Note that a given type from Figure 7.1 might be stable for a much wider range of volumes 

than those for which it actually minimizes surface area. 

It is worth observing that all of the conjectured minimizers for the double bubble problem on 

T2 (a Standard Double Bubble, Band with Lens, Symmetric Chain, and Double Band) are echoed 

here in at least two ways. The Double Cylinder, the Slab Cylinder, the Double Slab, and the Cylinder 

String are T2 minimizers x T1 • There are also more direct analogues, as is seen by comparing, for 

example, the three- and two-dimensional Standard Double Bubbles, or the Delauney and Symmetric 

Chains. See Corneli et al. [9] for more on the T 2 minimizers. 

7 .3 Subconjectures 

We now present a list of natural subconjectures, suggested either by the phase diagram or by exam-

ination of the pictures made with Surface Evolver. 

One immediate observation is that the edges of our phase diagram appear to characterize single 

bubbles in T3 • 

Conjecture 7.1 (Ritore and Ros [42], [43], [44]). The optima for the isoperimetric problem in a 

cubic T3 are the sphere, cylinder, and slab. 
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We still do not know proofs for the following intuitive conjectures about the double bubble 

problem (although Theorem 4.1 gives partial results on Conjecture 3.3): 

Conjecture 7.2. An area-minimizing double bubble in T3 has connected regions and complement. 

Conjecture 7.3. For two small volumes the standard double bubble is optimal. 

Conjecture 7.4. For one very small volume and two moderate volumes, the Slab Lens is optimal. 

Conjecture 7 .5. The first phase transition as small equal, or close to equal, volumes grow is from 

the standard double bubble to a chain of two bubbles bounded by Delaunay surfaces. 

Delaunay surfaces are constant-curvature surfaces of rotation, and as such have full rotational 

symmetry. From the Surface Evolver pictures, it appears that the conjectured surface area minimiz-

ers always have the maximial symmetry, given the constraints, a fact which leads to the following 

natural conjecture. 

Conjecture 7 .6. A minimizer is as symmetric as possible, given its topological type. 

We will conclude this section with a proposition which represents the first step towards establish-

ing a symmetry property. Specifically, we prove that for any double bubble, there is a pair of parallel 

planes (actually two-tori) that cut both regions in half. Hutchings [22, Theorem 2.6] used the fact 

that in Rn a double bubble has two perpendicular planes that divide both regions in half. This is an 

easy step in a difficult proof that the function that gives the least-area to enclose two given volumes 

is concave. Before proving a basic result of a similarly elementary flavor for the torus, we mention 

that we conjecture that the much deeper concavity result also holds: 

Conjecture 7. 7. The least area to enclose and separate two given volumes in the three-torus is a 

concave function of the volumes. 

If one could prove Conjecture 3. 7, one would then be able to apply other ideas in Hutchings' 

paper [22, Section 4] to obtain a functional bound on the number of components of a minimizing 

bubble. 
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Proposition 7 .1 (Deluxe Ham Sandwich Theorem). In a rectangular torus, if a double bubble lies 

inside a cylinder 8 1 x D 2, then there is a plane that cuts both volumes in half. 

Proof. This is a generalization of the standard argument for the ham sandwich theorem in Euclidean 

space. Assume that the identification occurs in the vertical direction. Take a circle in the xy plane 

indexed by a E (0, 7r]. Then for each a, rotate the surface by a in the xy plane and consider the 

family of pairs of flat tori parallel to the xz plane that are at distance 1/2 from each other. Then 

there is at least one such pair of planes that cuts the volume Vi in half, for each a. There may be 

an interval of such pairs for a given a. However, some one parameter family of these planes may be 

chosen which varies continuously as a function of a, and one such plane cuts Vi in half. QEF 

7.4 Small Volumes 

Conjecture 7.3 stated that small volumes are best enclosed by a standard double bubble. Theorem 

4.1 proves that for any fixed volume ratio, the standard double becomes optimal when the volumes 

are sufficiently small. This result holds for many flat three- and four-dimensional manifolds (and 

see Remark 7.2). 

The standard double bubble consists of three spherical caps meeting at 120 degrees. (If the 

volumes are equal, the middle surface is planar.) It is known to be minimizing in R3 [23] and R4 

[41]. 

Theorem 7.1. Let M be a smooth flat Riemannian manifold of dimension three or four, such that 

M has compact quotient by the isometry group. Fix,,\ E (0, 1]. Then there is an c > 0, such that if 

0 < v < c, a perimeter-minimizing double bubble of volumes v, ,,\v is standard. 

Remark 7.1. Solutions to the double bubble problem exist for all volume pairs in manifolds with 

compact quotient by their isometry group. The proof is the same as in Morgan [34, Section 13. 7]. 

For the proof we will regard a double bubble as a pair of 3- or 4-dimensional rectifiable currents, 
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Ri and R2, each of multiplicity one, of volumes Vi = M(R1) and V2 = M(R2 ). The total perimeter 

of such a double bubble is + M(8R2) + M(8(R1 + R2 ))). Here M denotes the mass 

of the current, which can be thought of as the Hausdorff measure of the associated rectifiable set 

(counting multiplicities). For a review of the pertinent definitions, see notes from Morgan's course 

at the Summer School [37] or the texts by Morgan [34] or Federer [14]. 

Before proceeding it is helpful to fix some notation. By the Nash and subsequent embedding 

theorems, we may assume Mis a submanifold of some fixed RN. We will consider a sequence of 

perimeter-minimizing double bubbles in M, containing the volumes v and ,\v, as v --+ 0. For each 

v, Mv will denote sv(M) in sv(RN), where sv is the scaling map that takes regions with volume v 

to similar regions with volume 1. In particular, sv maps our perimeter-minimizing double bubble 

containing volumes v and ,\v to a double bubble which we call Sv which contains volumes 1 and ,\, 

and which is of course perimeter-minimizing for these volumes. 

We focus on the case of dimension three; the proof for dimension four is essentially identical. 

Lemma 7.1. There is a r > 0 such that if Risa region in an open Euclidean 3-cube Kand vol(R) ::::; 

vol(K)/2, then 

area(8R) 2:: r(vol(R))213 . 

Proof. Let robe such an isoperimetric constant for a cubical 3-torus, so that area(8P) 2:: !o(vol(P))2/ 3 

for all regions P T 3 • Such a ro exists by the isoperimetric inequality for compact manifolds [34, 

Section 12.3]. Make the necessary reflections and identifications of the cube K to obtain a torus 

containing a region R' with eight times the volume and eight times the boundary area of R. The 

claim follows, with r = ro/2. QEF 

Proof of Theorem 4.1. The first step is to show that the sequence Sv, suitably translated and ro-

tated, has a subsequence that converges as v --+ 0 and has Vi f. 0 in the limit. Our argument also 

shows that there is a subsequence that converges to a limit with V2 f. 0, but does not show that 
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there is a subsequence where both volumes are non-zero in the limit. This is because while we are 

exerting ourselves trapping the first volume in a ball, the second one may wander off to infinity. 

We first show the existence of a covering Xv of Mv with bounded multiplicity, consisting of cubes 

contained in Mv, each of side-length L. Lemma 7.1 will give us a positive lower bound on the 

volume of the part of R1 that is inside one of these cubes for each Sv. We will then apply a standard 

compactness theorem to show that a subsequence of the Sv 's converges. 

Take a maximal packing by balls of radius iL. Enlargements of radius cover Mv. Circum-

scribed cubes of edge-length L provide the desired covering Xv. To see that the multiplicity of this 

covering is bounded, consider a point p E Mv. The ball centered at p with radius 2L contains all 

the cubes that might cover it, and the number of balls of radius i L that can pack into this ball is 

bounded, implying that the multiplicity of Xv is also bounded by some m > 0. 

Now consider some such covering, with L = 2. By Lemma 7.1, there is an isoperimetric constant 

/such that 

and therefore, since maxk vol(R1 n Kk) vol(R1 n Ki) for any i, 

(7.1) 

Note that the total area of the surface is greater than 1/m times the sum of the areas in each 

cube, and the total volume enclosed is less than the sum of the volumes, so summing Equation 7 .1 

over all the cubes Ki in the covering Xv yields 

and 

(max(vol(R1 n Kk))) 1!3 2'. m1 ) 2'. J > 0, 
k area v 

because Vi = 1 and it is easy to show that area(Sv) is bounded (since there is a bounded way of 

enclosing the volumes). Translate each Mv so that the cube where the maximum occurs is centered 
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at the origin of RN, and rotate so that the tangent space of each Mv at the origin is equal to a fixed 

R3 in RN. The limit of the Mv will be equal to this R3 • Since a cube with edge-length L centered at 

the origin fits inside a ball of radius 2L centered at the origin, we have 

vol(R1 nB(O,2L)) 2: 83 

for every Sv. By the compactness theorem for locally integral currents ((34, pp. 64,88], [ 48, Section 

27.3, 31.2, 31.3]) we know that a subsequence of the Sv has a limit, which we will call D, with the 

property that vol(R1 ) 2: 83 • This completes the first step. 

Since D is contained in the limit of the Mv, namely, the copy of R3 chosen above, and each Sv is 

minimizing for its volumes, a standard argument shows that the limit Dis the perimeter-minimizing 

way to enclose and separate the given volumes in R3 (cf. (34, 13.7]). In the limit, V2 could be zero, 

in which case D is a round sphere. If both volumes are non-zero, D is the standard double bubble 

((23] and (41], or see (34, Chapter 14]). 

Our goal is now to prove that the double bubble of volumes v, .\v lies inside a trivial ball, when 

v is small enough. This can be accomplished using the monotonicity theorem for mass ratio (1, 

Section 5.1(1)], which implies that for a perimeter-minimizing bubble cluster, a small ball around 

any point on the surface contains some substantial amount of area. This will limit the number of 

disjoint balls we can place on the surface. The monotonicity theorem applies only to surfaces for 

which the mean curvature is bounded, i.e., for which there is a C such that for smooth variations 

dA -<C dV - . 

Accordingly, the second major step in the proof is to obtain such bound on the curvature, for v 

small. It suffices to show that all smooth variation vector fields have the property that changes in 

the volume of Sv and in the area of 8Sv are controlled. Take a smooth variation vector field Fin Rn 

such that for D, 

dVi / dt = f ( F · n) dA = c > 0 laRI 
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and 

dVi/dt = 0. 

(Note that we need the first volume to be non-zero, or its variation could be zero.) For v small 

enough the subsequence of Sv headed towards the limit D has the property that dVi / dt is approxi-

mately c and dV2 / dt is approximately 0. 

By the argument in the first step, we can translate each Sv similarly, so that a subsequence of the 

subsequence above converges to a minimizer D' in R3 where the second volume is non-trivial. This 

time we take a smooth variation vector field F', such that for v small enough the subsequence of Sv 

headed to D' has the property that dV1 / dt is approximately 0 and dV2 / dt is approximately c' > 0. 

This proves that for this subsequence the change in volume is bounded below. 

Now we need to show that the change in area is bounded above. This follows from the fact that 

every rectifiable set can be thought of as a varifold [34, Section 11.2]. By compactness for varifolds 

[1, Section 6], the Sv, situated so that the first volume does not disappear, converge as varifolds to 

some varifold, J. The first variation of the varifolds also converge, i.e., 8 Sv 8 J, see [1]. The first 

variation of a varifold is a function representing the change in area. Therefore, far enough out in the 

sequence the change in area of the Sv under F is bounded close to the change in area of J under F, 

which is finite. Similarly, the change in area of the Sv under F' is bounded. 

We conclude that the mean curvature of Sv is bounded for two independent directions in the 

two-dimensional space of volume variations, and hence for all variations. This completes the second 

step. 

The third and final step is to show that all of the surface area is contained in some ball in Mv, of 

fixed radius for all v. Eventually, as v shrinks and Mv grows, this ball will have to be trivial in Mv. 

We will then use the result that the optimal double bubble in R3 is standard to show that our double 

bubble is standard as well. 

As the Sv are approaching the minimizer in R3, there must be a bound A on the perimeters of 
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the Sv. By monotonicity of mass ratio [1, Section 5.1(1)], every unit ball centered at a point of Sv 

contains perimeter 8 > 0. Therefore there are at most A/ 8 such disjoint balls. 

We claim that the Sv are eventually connected. There is an upper bound on the diameter of any 

component, 2A/8. Since we are controlling curvature, our components cannot become too small. 

Since every unit ball contains at least 8 area, we also have a lower bound on the area of each 

component, when unit balls are trivial. Unless eventually the Sv are connected, you can arrange to 

get in the limit a disconnected minimizer in R3 , a contradiction. 

Hence Sv is contained in a ball of radius 2A/ 8 for all v. Since our original manifold has compact 

quotient by its isometry group, there is a radius such that balls in the original manifold of that radius 

or smaller are topologically trivial. Hence, as we expand the manifold, eventually balls of radius 

2A/ 8 can be lifted to R3 , which means that they are Euclidean. Hence, Sv is eventually contained in 

a Euclidean ball, and is therefore the standard double bubble ([41], [23], [34, Chapter 14]). 

Finally, since Sv c Mv is simply a scaled version of the original double bubble in M, we conclude 

that the original double bubble is standard as desired. QEF 

Remark 7.2. Given n, m, similar arguments show that for any smooth n-dimensional Riemannian 

manifold with compact quotient by the isometry group, given 0 ::; ,\ ::; 1, there are C, € > 0, such 

that for any 0 < v <€,a minimizing cluster with m prescribed volumes between ,\v and v lies inside 

a ball of diameter at most Cv11n. 

To further deduce that the cluster smoothly approximates a Euclidean minimizer would require 

knowing that convergence weakly and in measure, under bounded mean curvature, implies 0 1 

convergence, as is known for hypersurfaces without singularities ([1, Section 8], see [35, Section 

1.2]) 
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7.5 Special Tori 

Changing the shape of the torus, by stretching it or by skewing some or all of its angles, would 

certainly change the phase diagram of Figure 7.2: 

Conjecture 7 .8. In the special case of a very long T 3 the Double Slab is optimal for most volumes. 

Special tori may have special minimizers: 

Conjecture 7.9. For the special case of a torus based on a relatively short f-rhombic right prism, 

the Hexagonal Honeycomb prism of Figure 7.4 is a perimeter-minimizing double bubble for which 

both regions and the exterior each have one third the volume, or when two volumes are equal and 

the third is close. 

Indeed, for such volumes the Hexagonal Honeycomb ties the Double Slab, just as in the f-

rhombic two-torus a Hexagonal Tiling ties the Double Band [9]. 

In the triple bubble problem for the Face Centered Cubic (FCC) and Body Centered Cubic (BCC) 

tori, if not for the standard cubic torus, we would expect to find minimizers that lift to R3 as periodic 

foams with cells of finite volume. For example, the Weaire-Phelan foam would be expected to appear 

as lifts of some solutions to the seven bubble problem in the BCC torus. The Weaire-Phelan foam, a 

counterexample to Kelvin's conjectured best way to divide space into unit volumes ([56], [27]; see 

[34, Chapter 15], [6]). Kelvin's foam might appear as a minimizer for the seven bubble problem in 

the FCC torus. It is interesting to note that the Weaire-Phelan foam has essentially the same shape 

as chlorine hydrate crystale. 

In contrast with the triple bubble problem, it would be extremely unlikely if there was a solution 

to the double bubble problem in any torus that lifted to a division of R3 into finite volumes, since by 

regularity, singular curves meet in fours. This means that singular points look locally like the cone 

over a tetrahedral frame, and hence have four volumes coming together. Since a region will never 

be adjacent to another component of the same region (because the dividing wall could be removed 



CHAPTER 7. T3 165 

to decrease area and maintain volumes), a foam generated using a fundamental domain coming 

from a double double in the three-torus would have to exhibit the strange property that the singular 

curves never meet. 

Conjecture 7.10. There are no least-area divisions of T3 into three volumes that lift to a foam in 

R3. 

This conjecture suggests in addition that it is not likely that there will be are any other special 

minimizers. 

Conjecture 7.11. The double bubbles of Figure 7.1 together with the Hexagonal Honeycomb of 

Figure 7.4 comprise the complete set of area minimizing double bubbles for all three tori. 

As a final remark, in light of the fact that the adding more bubbles seems likely to produce many 

interesting candidates, we would like to mention one final conjecture. 

Conjecture 7.12. For the triple bubble problem in a cubic T3 in the case where one of the volumes 

is small, the minimizers will look like the double bubbles of Figure 7 .1 with a small ball attached. 

The phase diagram will look just like our Figure 7 .2. 
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STANDARD DOUBLE BUBBLE DELAUNEY CHAIN 

CYLINDER LENS CYLINDER CROSS DOUBLE CYLINDER 

SLAB LENS CENTER BUBBLE CYLINDER STRING 

SLAB CYLINDER DOUBLE SLAB 

Figure 7.1: Catalog of Conjectured Area-Minimizing Double Bubbles in the Flat Cubic 3-Torus. 
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SDB Standard Double Bubble 

DC Delauney Chain 

CL Cylinder Lens 

cc Cylinder Cross 

2C Double Cylinder 

SL Slab Lens 

CB Center Bubble 

cs Cylinder String, 

SC Slab Cylinder 

2S Double Slab 

Figure 7.2: Phase portrait: volumes and corresponding double bubble. In the center both regions 

and the complement have one third of the total volume; along the edges one volume is small; in the 

corners two volumes are small. 
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TRANSVERSE CYLINDERS DOUBLE HYDRANT 

CENTER CYLINDER HYDRANT LENS 

Figure 7.3: Inefficient double bubbles 

Figure 7.4: Hexagonal Honeycomb 



conjectural epilog 

These are some of the thoughts I have had while working on this thesis. 

Any resembalence of the things discussed here to the current views of my collaborators or of 

the mathematical community at large or to the actual facts of the matter has to be regarded as 

coincidental at best. 

Symmetry and algebraic structure Comparing the results from the various chapters leads to the 

conjecture that area-minimizing double bubbles in constant curvature spaces always have some of 

the same symmetries as the space, and more generally maximize symmetry in some sense. 

We now consider the possibility that by seeking to maximize symmetry, bubble clusters not only 

take on some of the symmetries of the ambient, but also exhibit certain symmetries (i.e. invariants) 

associated with their own 'intrinsic' algebraic structure. 

If this is the case, the algebraic structure of bubble clusters is bound to be of interest. Recall from 

Chapter 4 that the standard double bubble is invariant under inversion in the separating cap. For 

standard bubble clusters with more components, we can again move between adjacent bubbles by 

inversions - although doing so sometimes requires two moves, since if B3 curves into B2, we might 

send a point p E B 1 to a point q E B 3 by inversion in the wall separating B1 and B 2 ; all such 'q's 

are however mapped into B2 by inversion in the wall separating B2 and B3 • When there are more 

than two bubbles, points fixed by the entire group of these (generalized) adjacency transformations 
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(or, the cluster group) are always in the singular set. When there are more than four bubbles, there 

may be no points that are fixed by the entire cluster group, but all singular curves are fixed by some 

subgroup of order three, and all singular points are fixed by some subgroup of order four. 

The intrinsic algebraic structure of foams may may be particularly interesting (or, possibly, but 

not likely, particularly easy to understand) since periodic foams have a natural group acting on them 

already. 

Maximizing symmetry here should for the time being be understood in a weak sense, say, max-

imizing symmetry while taking into consideration certain other factors. The cluster group may be 

hard to define or even meaningless in clusters that have non-contractible components (although I 

suspect that that won't be much of an obstacle). When the boundary surfaces are constant-mean-

curvature sufaces other than pieces of spheres, things certainly sound less attractive, but the impor-

tant ideas still seem to carry through. 

At the bottom of this line of inquiry lies the fundamental assumption that there are no factors 

besides symmetry that can come into play to reduce area. 

As one specific example that might give evidence as to the truth or falsity of this assumption, 

here is a problem that I think is open: the Kelvin foam seems to have 'more symmetry' than the 

Weaire-Phelan foam that takes less area. However, it might be that the Weaire-Phelan foam actually 

has more symmetries when one looks at its cluster group. Decide this question. 

Is the m-bubble problem inductive? The standard double bubble is clearly a relaxation of the 

solution to the single bubble problem in space minus a round ball. In addition, it seems that all of the 

other conjectured minimizers for the double bubble problem in Tk (k = 1, 2, 3) are relaxations of the 

solution to the single bubble problem in the torus minus a single bubble solution. This seems to be 

plainly obvious, albeit ever-so-hard to prove, for everything but the hexagonal tiling and hexagonal 

honeycomb. And upon further reflection it does not seem at all unlikely that the hexagonal tiling 

(resp. hexagonal honeycomb) is a relaxation of the solution to the single bubble problem in a 'nut', 
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i.e. a hexagonal torus minus a round disk (resp. tubular neighborhood of a short geodesic). 

These considerations lead to the following meta-Conjecture. 

Meta-Conjecture. 

1. The solution to the m-bubble problem in any space of constant curvature C is bounded by 

regularity satisfying relaxations of some collection of (a) tubular neighborhoods of totally 

geodesic submanifolds (counting points as a degenerate case) and (b) tubular neighborhoods 

of totally geodesic submanifolds (not allowing points this time) regarded as manifolds with 

boundary that then have some noncontractible (with respect to their boundary) holes drilled 

out of them; moreover, 

2. the boundary of the union of the closure of the holes in each tubular neighborhood T0 in (1 b) 

bounds a totally geodesic submanifold of T0 (again not allowing points); and, ultimately, 

3. the problem is inductive in the sense that the m-bubble problem is given by relaxing the 

solution to the 1-bubble problem for the current with free boundary given by designating 

some solution to the (m - 1)-bubble problem in C as boundary. 



appendices 

A Algebraic preliminaries 

Definition A.1. A vector space is a quadruple ( X, F, +, *), where X is a set, F is a field, and + and 

* are operations such that 

i. \:/x E X, f E F : x * f E X, 

ii. \:/x, y E X : x + y E X. 

Furthermore, addition (+)is commutative, there exists an additive identity (written O) and there are 

additive inverses. Scalar multiplication ( *) is associative and distributes over addition both ways. 

We write V = (X, F, +,*),and when we say v E V we mean v E X. The field Fis called the 

base field. In this thesis, the base field is usually the real or the complex numbers. 

The notion of a basis and of how to do computations with a basis (using matrices) are assumed 

to be familiar to the reader, at least for finite dimensions. 

Definition A.2. A bilinear form on a finite dimensional vector space V is a map b from V x V into 

the base field that is linear in each factor. If we chose a basis for the vector space, then the bilinear 

form is given by matrix multiplication as follows: b: (x, y) i-+ yT Bx, for some matrix B. 
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Remark A.1. The two dimensional case is 

((x1,x2), (M2)) c-t [ x1 x 2 ] [ : : ] [ :: ] = ax1Y1 +bx1Y2 + cx2yi+ dx2Y2· 

Definition A.3. An inner product on a vector space is a bilinear form that is also positive definite 

(which means that b(x, x) 2:: 0 and is equal to zero only when x = 0) and symmetric (b(x, y) = 

b(y,x)). 

Remark A.2. Given an abstractly defined linear map on a finite dimensional vector space, to deter-

mine the entries of the matrix representing this map it suffices to compute the action of the map on 

a basis. Similarly for bilinear forms and thus for inner products. The matrix representing a bilinear 

form b with respect to the basis is (b(xi, Xj)). 

Definition A.4. A vector space isomorphism is a linear, bijective map between two vector spaces. 

Definition A.S. The dual of a vector space V is the set of linear maps from V into the base field. We 

denote the dual of V by the symbol V*. 

Remark A.3. It is easy to check that vector space duals are themselves also vector spaces. It is also 

easy to check that in the finite dimensional case a vector space is isomorphic to its dual. This is not 

generally true for infinite dimensional vector spaces. 

Definition A.6. A group is a set X together with a binary operation * with the properties 

ii. 3e E X : \;/ x E X : e * x = x * e = x, 

iii. \;/ x E X : 3x-1 E X : x * x-1 = x-1 * x = e, 

We write G = (X, *) and when we say g E G we mean g E X. It is easy to deduce that a 

vector space is an additive group (that is, the operation ( +) in Definition A. l plays the role of ( *) in 

Definition A.6). We now define another important example: 
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Definition A.7. The symmetric group on n elements en is equal to the set of permutations of n 

elements together with the operation of composition. 

Remark A.4. So, for example, e 3 can be written down as { (), (12), (23), (13), (123), (321)} (do 

nothing, sent 1 to 2 and 2 to 1, send 2 to 3 and 3 to 2, etc.) and then it is easy to check that with the 

operation o, e3 really is a group (for example, (123)0(321) = (),so (321) = (123)-1 ). The symmetric 

group is important in the theory of determinants (and many other places). Indeed, using the sign 

of permutations (even if the an even number of elements are permuted, odd if an odd number of 

elements are permuted) it is not too difficult to show (or at least beleive) that for an n x n matrix A, 

det(A) = L sign(a)Au1,1 · ... · Aan, n); 
uE6n 

see [20, Chapter S] for the details. 

Definition A.8. If a group G acts on a set X (in the sense that en acts on the set {1, ... , n}) the 

orbit of a point x E X is defined to be the set of points in X that are hit by applying elements of G 

to x (with repeated application of the same element allowed). 

B Topological preliminaries 

Definition B.1. A topological space is a pair (X, r) such that r is comprised of subsets of X and has 

the further additional properties 

i. 0 E r and X E r. 

ii. finite intersections of elements of r are again in r 

iii. arbitrary unions of elements of r are again in r. 

A collection of subsets r satisfying these conditions make r into a topology. The elements of r are 

then called the open sets of X in the r topology. 
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Remark B.1. If T = (X, r) is a topological space, when we say p E T we mean p E X. 

Definition B.2. A map between topological spaces is continuous if the inverse image of every open 

set is an open set. 

Definition B.3. A map between topological spaces is a homeomorphism if it is a continuous bijection 

such that in addition the image of every open set is an open set. (So, it is a bijection of points and it 

induces a bijection on open sets.) 

Since they are a bijection of points and sets, we conclude that homeomorphisms respect topologi-

cal structure. In this sense it would be appropriate to consider them to be 'topological isomorphisms'. 

We will need the following two 'special' definitions. 

Definition B.4. A topological space T is Hausdorff if it has the property that any pair of distinct 

points p, q E T belong to disjoint open sets. 

(Spaces without this property include easy examples like X = {a, b, c}, r = { 0, {a}, {a, b, c}} and 

more complicated examples, like (Ru (0, 1) c R 2 , {U; Un R such that U is open in the metric 

topology on R and if p E U then ( U n R) U 0 is a neighborhood of 0 in R}). In general we will 

exclude non-Hausdorff spaces like this because they cause trouble.) 

Definition B.5. A topological space T = (X, r) is paracompact if there is a countable set B of open 

sets in r with the property that every open set in r is the union of elements of B. 

Remark B.2. In general, a set B that contains the set of open sets is called a basis for the topology. 

Every topology has a basis (any topology contains all of its open sets). We note that the basis 

condition is equivalent to the condition that any point in an open set is also in an element of B. The 

word paracompact is synonymous with the phrase second countable. 

This begs the question, what was first countable? This condition is not needed elsewhere in this 

thesis, but so that the reader leaves with a satisfied mind, here it is anyway: each point in X must 
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have the property that there is a countable set Bp of open sets containing p such that every open set 

containing p also contains an element of Bp. The set Bp is then called a local basis. 

Definition B.6. A metric space is a pair (X, d) such that dis a function defined on X x X with the 

following additional properties: 

i. 0 :s; d(x,y) < oo 

ii. d(x,y) = 0 {:} x = y 

iii. d(x, y) = d(y, x) 

iv. d(x,y) :s; d(x,z) + d(z,y) 

Definition B.7. The set of metric balls {Dx(r) = {y E X;d(y,x) < r};x E X,O :s; r ER} form a 

topology for X. This is called the metric topology. 

Remark B.3. We remark that Rn with the metric topology (the standard topology on Rn) is both 

paracompact and Hausdorff. Metric balls with a rational radius centered at rational points form a 

countable basis for the topology, and by chasing p small enough, any two points p and q can be 

enclosed in disjoint metric balls of radius p. 

The dividing line between topology and geometry moves around a lot. It shows up right here 

this time. 

C Geometric Preliminaries 

For our purposes, Riemannian geometry is the study of 

I manifolds, with 



APPENDICES 177 

II a differentiable structure, 

III admitting the definition of vector fields, 

N which can themselves be differentiated; 

V with also a notion of lengths and angles associated with vectors based at a point in the 

manifold, 

VI leading to the notion of shortest paths in the manifold, 

VII and to many other results having to do with global structure. 

Item VII includes answers to questions like 'What are the least surface area objects in my mani-

fold?'. 

Geometry of manifolds 

Manifolds generalize the idea of parametrized surfaces. This is useful, because, for example, it is 

all fine and good to study the upper-hemisphere, considered as the graph of J r2 - x2 - y2 over a 

disk of radius r, but if we can't talk coherently about the whole sphere, our mathematical lives will 

be considerably less interesting. Manifold theory lets us talk about the whole sphere and about lots 

of other things. One of the central ideas in the definition of a smooth manifold is that it stitches 

together 'local parameterizations' in a nice way. 

Definition C.1. A manifold is a paracompact Hausdorff topological space such that about each point 

p E M there is some open set U 3 p such that there exisits a homeomorphism <p from U to Rn. 
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The pairs of open sets and homeomorphisms (U, c.p) from Definition C. l are called charts. If we 

say that a point pis in a chart (U, c.p), what we mean is that p E U. All of the charts taken together 

are called an atlas. Our atlases are henceforth assumed to be complete in the sense that they are 

never contained in some other atlas. This is a viable assumption, because we can keep adding in 

charts until we complete the atlas. We denote the complete atlas for our manifold by A. 

We write M for the triple (X, r,A), and when we say p E M we mean p E X. Because this 

convention is so prevalently and widely used, it is sometimes easy to lose sight of the important fact 

that the topology r as well as the point-set X are fixed; in particular, you should always be ready to 

ask 'with what topology?' if someone describes a manifold to you in terms of its point set only and 

their choice of topology was not obvious. 

The atlas makes it possible to compute things; we can use a chart (U, c.p) to define a coordinate 

system on U which we then use to study small pieces of the manifold analytically. If we are interested 

in what is going on around a point p E U c M, we can assume p is mapped by the associated 

homeomorphism c.p to O E Rn, since wherever it is mapped we can compose with a translation to 

recenter Rn on the image of p. We then make the following extremely useful definition. 

Definition C.2. If x1 , ... , Xn are the functions which give the coordinates of the point x in Rn, we 

say that the set of functions x1 oc.p, . .. , Xn oc.p are local coordinates centered at p or just local coordinates 

atp. 

Remark C.1. For notational convenience, we will frequently make use of the alternate notation for 

local coordinates at p, namely u1 = x1 o c.p, ..• Un = Xn o c.p. 

In order to compute anything very interesting, we need some more structure. 

Definition C.3. A manifold's atlas is a differentiable structure on the manifold if the charts of Defi-

nition 1 satisfy the following property: if (U1, c.p1) is a chart about p and (U2, cp2) is a chart about q 

then whenever U1 n U2 =/= 0, the map cp1 o cp21 from cp2(U1 n U2) c Rn onto c.p1 (U1 n U2) c Rn is 

differentiable. 
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We say a manifold has a Ck structure if the transition functions 'Pio 'Pii are k times continuously 

differentiable. We say a manifold has a smooth structure if the transition functions are infinitely 

differentiable. 

The existence of differentiable structures allows us to talk about differentiable and smooth maps 

between manifolds. 

Definition C.4. If Mi and M2 are manifolds (say, of dimensions m and n respectively) then f : 

Mi -+ M2 is said to be a differentiable map if for every chart (U, cp) of Mi and every chart (V, 'l/;) of 

M2 such that f (U) c V the map 'l/; o cp-i from cp(U) c Rm into 'l/;(V) c Rn is Ck as a map between 

Euclidean spaces (see section 2.1.1). 

If we take Mi = J to be an open interval in R then a differentiable curve in M2 is any differen-

tiable map 1 of a closed interval in Mi into M2 • For the rest of the appendix, curves will always be 

differentiable. 

Definition C.5. Let 1 : [a, b] -+ M be a smooth curve in M that passes through the point pat the 

time t0 • Let F be the set of differentiable functions from M to R. The tangent vector to 1 at p is a 

linear map L 1 ,p defined on F by the rule 

L (!) = df(1(t)) I ER. 
/,p dt 

to 

Remark C.2. Tangent vectors give us a directional derivative on functions (we can use them to 

compute how fast a function is changing in a given direction). We can conveniently compute the 

tangent vector to a curve 1 at pin terms of local coordinates at p. If 1i(t) = Xi o cp o 1(t) are the 

coordinates of the curve, and we know f as a function of local coordinates at p, then the chain rule 

tells us that 

df(1(t)) I 
dt to 

= t df I d1i(t) I 
i=i d(xi o 'Po 1) to dt to t df I d1i(t) I 
i=i d(xi o 'P) p=-y(to) dt to 
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v 
Figure 7.5: Picture of tangent space with two curves that have the same tangent vector. 

= t df I d"fi ( t) I . 
i=l dui p=-y(to) dt to 

Definition C.6. The tangent space of M at p, denoted TpM, is equal to the set of all tangent vectors 

of curves in M through p. 

Remark C.3. The computation of Remark C.2 shows that the tangent space at a point is an n-

dimensional real vector space with basis { I }. We frequently will identify this space with Rn. 
• p 

The functional definition of tangent vectors and tangent spaces given here is slightly less popular 

than the more geometric-seeming definition from subsection 2.1.1 in the text that identifies curves 

whose tangent vectors are the same to make the tangent space. The computation of Remark C.2 

shows that these two definitions are equivalent, since if we regard tangent vectors as being given by 

a linear combination of 's, then to get a given tangent vector we must specify the right 's, 

that is, we must specify the derivatives found upon differentiating a curve in some equivalence class; 

whereas on the other hand, clearly if we specify on equivalence class of curves, we get a functional 

tangent vector (something that differentiates functions) using the given formula. 

Definition C. 7. The tangent bundle TM of a manifold is the union over x in M of all the the tangent 

spaces. 
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Figure 7.6: open set in tangent bundle 

Definition C.8. We define the standard projection operator 7r from the tangent bundle to the mani-

fold which takes each vector to its base point. 

Remark C.4. JYpically we want to think of the tangent bundle as a manifold with a differentiable 

structure that can tell us something about the base manifold, not just as the set of all vectors tangent 

to the manifold 'bundled together' indiscriminately. We distiguish the points in TM carefully by 

writing TM = { (p, v) : p E M, v E TpM}; then a natural topology on TM is induced by the 

topology of M, namely, an open set in TM is given by U x V where U is an open set of M that 

comes from a chart and V is an open set of Rn. We are using the identification of the tangent spaces 

and Rn. The picture is easy in one dimension; see Figure 7.6. The tangent bundle also has a natural 

smooth structure on it, since if (U, cp) is a chart on M then every element u E { (p, v) : p E U, v E 

TpM} c TM can be written in the form u = ai ( v) '7 j . The map 
u, p=rr(v) 

is a homeomorphism from { (p, v) : p E U, v E TpM} to R 2n. 

One checks that the conditions of Definition C.3 are satisfied ([ 49, volume I, page 3-32]). 
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Definition C.9. A vector field on a manifold consists of a choice of one vector from each tangent 

space. Hence vector fields are functions from a base manifold to its tangent bundle. We write 

vect(M) = {vector fields on M}. Another way to talk about a vector field to call it a section of the 

tangent bundle, where the word section means a map s from the manifold to the bundle such that 

7r o sis the identity. If Vis a vector field on M, Vix denotes the vector associated with TxM. 

Remark C.5. Since tangent vectors are differential operators, vector fields are too; they take dif-

ferentiable functions defined on the manifold to functions on the manifold given by the directional 

derivatives specified by the tangent vector at each point. They also allow us to compute lots of other 

things, but as before, to compute anything really interesting, we want more structure. 

Definition C.10. Refering to DefinitionC.3, we note that the smooth structure on TM developed in 

Remark C.4 makes it possible to define 

vectk ( M) = {Ck vector fields on M} 

and 

vect00 (M) = {C00 vector fields on M}. 

We will usually just write vect(M) and understand a degree of smoothness appropriate for the 

needs at hand. 

Remark C.6. The idea of the nabla coming up is that somehow the derivative of a smooth section of 

TM with respect to a smooth section of TM is again a smooth section of TM. We don't necessarily 

expect that to happen; we have to work just the right way. (See Kobaishi and Nomizu [39] for a 

much more general way to go about doing this.) 

Definition C.11. A connection is a map \7 : TM x vect(M) -+ TM which satisfies the following 

properties: 

i. ET M, VE vect(M), then V) is in the same tangent space 
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ii. if a, b E Rn, x EM, e, 'fJ E TxM, and VE vect(M), then 

\7(ae + bTJ, V) = a\7(e, V) + b\l(TJ, V) (C.l) 

iii. if x EM, e E TxM, V, WE vect(M), and J E C 1 (M), then 

\7(e, v + w) \7(e, v) + \7(e, w) (C.2) 

\7(e, JV) = (U) (7r(e))Vlrrm + J(7r(e))\7(e, V) (C.3) 

iv. \7 is smooth in the sense that if V, W E vect00 (M) then UxEM\7(Vlx, W), which we call 

\7(V, W), is again in vect00 (M). 

Remark C.7. When it is clear from context where we are working, or when we want to be mobile, 

we use this more casual notation for the second part of item (iii): 

\7(e, JV) = (U)V + J\7(e, V) (C.4) 

where it is understood that everything on the right-hand side that needs to be is to being evaluated 

at 7r(e). 

Definition C.11 is far from being the most general definition of a connection. In some ways it is 

much more like the definition of what is called a covariant derivative associated with a connection. 

We leave such matters aside; this definition will suffice for all our needs in this thesis. At any rate, 

it is clear from item (iii) above that whatever it is called, we now have a method for differentiating 

vector fields. 

At this point we note that we must have 

(
d d) n. d \7 - - - ri.k-duk ' du· - L 3 du· J i=l i 

(C.S) 

for some set of 'qk's. (The order and placement of the various indices here is traditional.) If we 

'know' a connection somehow, we know its action on all of TM x vect(M) and we can compute 
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these; alternatively, and more realistically, we can just specify them to begin with and get some 

connection as a result. In particular, this shows that connections exist. 

In order to actually compute \7 ( e, V) all we need to know is V restricted to some smooth curve 'Y 

through p = 7r(e) with tangent vector eat p. In terms of the basis for the tangent space at p that we 

chose in Remark C. l, e = ei • 

By the linearity in the first component (condition (ii) above) this means that 

Since we know V along 'Y, for each q E 'Y we can express V at each point in terms of local coordinates 

at q as Vlq = 'f/i(q) lq, or, more informally, V = 'f/i Combining this expression with 

the previous, we have 

n ( d n d ) 
\7(€, V) = ')j du; · 

We now enter a long chain of manipulations that will in the end give us a nice formula for \7 ( e, V). 

First applying the first part of condition (iii) above 

(and then the second part of condition (iii)) 

n n ( ( d'f/i ) d ( d d ) ) - e· - --+'f}·\7 - ---L: iL du· du· 3 du·'du· i=l j=l i J i J 

(and the definition of the 'qk's) 

(collecting like terms) 

(rewriting the summation without quite so many parentheses) 



APPENDICES 185 

(renaming one of the indices of summation does not effect the sum) 

n n ( ( d'f/k ) d ) n n n ( k d ) = duk + t; (El'l;r;,) duk 

(and now rearranging the summation) 

(and finally, factoring out the elements of the basis) 

we get the promised formula for \7 ( V). In terms of a curve 'Y that goes through the point p at time 

t0 with the tangent this is 

(C.6) 

So we have a word, 'connection', and we know that it is not a meaningless one, because all we need 

are some n3 functions, the 'rf/s to specify one. (The official, undescriptive and even misleading 

name for the 'rfj 's is the Christoffel symbols - I prefer to use the more descriptive but less popular 

name connection coefficients, but even this does not sufficiently stress the fact that these are functions 

that can change as we move around the manifold.) We also know a connection is not an a priori 

useless thing, because if we have a curve with the right tangent vector, we use it and the connection 

to compute something. 

But the real reason we care about Definition C.11 will not be seen for a few pages, that is, until 

we work throught the most important example. Along the way we will introduce some further 

terminology that will take us closer to our goal, but understanding Definition C.11 will be our main 

objective for the moment. The main idea is that connections will enable us bring vectors from one 

tangent space to another tangent space to compare them. In this way a connection is sort of like a 

set of pnuematic tubes that run between every point on the manifold, through which we can send 

and receive tangent vectors. As one might guess things can happen to the tangent vectors while in 
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transit. In particular, one can send a tangent vector around a closed loop, and it will not necessarily 

come back the same as it was when it started. This is not a defect of the system, but one of its 

strengths. 

For such a complicated structure to be useful, we first need a fruitful way to compare vectors 

in a fixed tangent space. There are a number of other things we could define without this added 

structure, but I suspect that they would all be better motivated if we make everything concrete first, 

rather than afterwards. In light of this change of mood, we will close the current subsection and 

begin a new one now. 

Riemannian manifolds 

Definition C.12. A Riemannian manifold is a pair, a smooth manifold M, together with a map g 

defined on the manifold that associates to each point an inner product, that is, 

g must satisfy the additional property that for any open set U c Mand any fixed V, W E vect(U) 

the function 

is differentiable on U. Any g satisfing all of these conditions is called a smooth Riemannian metric. 

Remark C.8. The idea of a Riemannian metric is (as the name suggests) the heart of Riemannian 

geometry. This is what lets us compare vectors at a point: in accordance with our experience from 

Euclidean space, which as we have remarked the tangent space is, the length of a vector e based at 

the point p is 

(C.7) 

The angle between two vectors e and 'TJ based at the point p is 

-1 ( <e,'T})p) 
cos 1e1p l'T/lp · (C.8) 
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The difference from what we might be used to is that the metric can change as we move from place 

to place. This is what makes comparing vectors from different tangent spaces such a subtle problem. 

The Riemannian metric makes available to us for the first time some concrete geometric content. 

In addition to making local comparisons, we can begin to move around in the manifold and talk, 

for example, about the length of a curve "Y: [a, b] -+Min analogy with our experience in Euclidean 

space (see Chapter 2) as being 

(C.9) 

If we define the distance between two points in the manifold by d(p, q) = inLy length("'() then we 

get a distance metric on the manifold, and the manifold therefore can be viewed as a metric space. 

(Note that Riemannian metrics and distance metrics are very, very different things!) 

As we made explicit in the section on Algebraic Preliminaries, each inner product on a finite 

dimensional vector space is determined by a matrix. We will write the matrix associated with the 

inner product at the point pas (9ii(P)) where the 'gij(p)'s are determined by the inner products of 

basis vectors as in remark A.2. We write (gii) when we want to be mobile. 

The inverse matrix often comes up in computations. It is traditional to write (9ij)-1 = (gii). 

Since these matrices are inverses, the sum gii 9ik = 8ik· 

We are getting very close to an explicit statement of the 'correct' way to compare tangent vectors 

from different tangent spaces; in fact, there is just one more definition we need before we can state 

our big theorem. 

Definition C.13. For U c M an open subset, if V, W E vect(U) we define their Lie Bracket or 

commutator [V, W] to be the unique vector field such that 

Remark C.9. Note that in this and in the previous definition, the reason we talk about an open set 

U is that we will want to use local vector fields a lot of the time. 
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Theorem C.1 (Levi-Civita). If M is a Riemannian manifold then there exists a unique connection 

\7LC for which all U, V, WE vect(M) satisfy 

ii. U(V, W) = (\7L0 (u, V), W) + (V, \7L0 (u, W)). 

Remark C.10. 'LC' stands of course for 'Levi-Civita'; \7Lc is called the Levi-Civita connectionfor the 

Riemannian metric on M. The two conditions say respectively that the Levi-Civita connection is 

torsion-free (in the sense that commutation is respected; this implies that the 'rt 's depend on the 

metric in a particularly simple fashion, and are, as we will see, symmetric under exchange of i and 

j) and that it is compatible with the metric in the sense that it behaves like a standard derivative of 

the metric (for example, if v and ware tangent vectors to a curve, = ( w) + (v, 

Proof of Theorem C.1. Assuming such a connection \7Lc exists, we compute like mad (see Table C.l). 

Upon collecting like terms we have that 

(\7Lc(U, V), W) = W) + V(W,U) - W(U, V) 

- (W, [V,U]) + (U, [W, V]) - (V, [U, W])) (C.10) 

which gives us the exact form of (\7L0 (u, V), W) and therefore fixes \7L0 (U, V). 

To get the form explicitly, we have to compute the 'rfj 's in terms of the metric; condition (i) of 

the theorem implies that 

(C.11) 

but [ , J = o - o = 0 by equality of mixed partials*, so by definition (Equation 

C.S) we have ffj = rji. Then Equation C.10 implies that 

( \7w ' a:1 ) ' a:k ) = ( ' a:k ) + a:1 ( a:k ' ) 
*That is all this is, really. 
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(C.12) 

But by the definition of the 'rfj 's and the properties of inner products, we also have 

n 

= 2:rJk9ki (C.13) 
i=l 

Cleverly, we note that 

(C.14) 

So combining everything we must have 

. 1 :En k. ( d d d ) r\ = - g J -gjk + -gki - -gij 
J 2 du· du · duk j=l i J 

(C.15) 

On the other hand, these 'r; k's specify a connection, and the reverse of the argument just given 

shows that this connection satisfies the conditions of the theorem. QEF 

Corollary C.1. The connection coefficients for the Levi-Civita connection in Rn are all zero. 

Proof. In Euclidean space the coefficients of the metric (the 'gi/s) are all constant. Therefore in 

equation C.15 we are differentiating constants and summing. The result of this operation is always 

zero. QEF 
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Having gone through the hard work of defining the 'right' connection, we can now begin to put 

our system to work. (We will then see why this connection is the right one.) 

Definition C.14. Given a chart (U, rp) and a smooth curve 'Y : [a, b] -+ U c M such that U :J 'Y 

we define the derivative of a vector field V along 'Y in coordinates as follows: we write V(t) = 

'2:/l=l and then write 

v10 V(t)) = t ( ( d;:i I + t t(rjk 0 7)ej(to) ( dJ; I )) ::.1 ) · 
i=l to j=l k=l to i 1(to) 

(C.16) 

Remark C.11. The same formal definition works for other connections, in fact the definition is es-

sentially the same, but since the connection coefficients are coming from the Levi-Civita connection, 

this derivative respects the metric and is torsion free. 

Definition C.15. If 'Y: (a, b)-+ Mis a path in M, we say that Vis parallel along 'Y if 

\7LC ( V(t)) = 0 

for all t E (a, b). 

Definition C.16. We say a path 'Y: (a, b)-+ Mis a geodesic if 

\710 (d"f d7) = 0 
dt' dt 

(C.17) 

(C.18) 

for all t E (a, b), i.e. if the tangent vector to 'Y is parallel along 'Yon the entire interval on which 'Y is 

defined. 

Remark C.12. To write the equation for a geodesic in local coordinates, we set 'Yi = xi o 'Y as above. 

Then our definition for the derivative of a vector field along a curve (Definition C.14) implies that 

Equation C.18 becomes 

t ((d::2ii I + tt(rjk 07) (d;: I ) (d:: I )) ::.1 ) = 0. 
i=l to j=l k=l to to i 1(to) 

(C.19) 
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We can rewrite this second order equation as a first order system, and after that, rewrite the con-

dition of being a geodesic in terms of the condition of being an integral curve for a certain vector 

field. 

To each chart (U, cp) on M we associate a chart ( Q, 'ljJ) on TM by putting Q = ?r-1 (U) and 

(C.20) 

on Q. We write q(e) = <po 7r(e) E Rn and q(e) = (e(u1), ... , e(un)) E Rn. Using this notation we 

have 

n d I e = :l:<ij(e) du· . 
j=l J 

The differential equation above can be rewritten as 

dqj 
dt 
dqj 
dt 

n n 

- 2:: :L:(r;k 0 7r)tiitik· 
j=lk=l 

The solution to this system are integal curves of the vector field 9 defined on Q by 

(C.21) 

(C.22) 

(C.23) 

(C.24) 

Definition C.17. Let cp( t, e) denote the geodesic flow of the vector field 9 of the previous remark 

(i.e. the map that tames points in M to the points in the direction given by 9). 

Let 

(0, 1] 3 t 7r o cp(t,e) EM. 

Let T 1 M denote 

{ e E TM : 1 E maximal interval on which is defined}. 

We define 

exp: T 1M 3 e EM. 
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Remark C.13. Frequently the manifolds we work with in this thesis will be complete, that is, their 

geodesics will run on forever (although they may, as in the case of spheres, come back and trace 

over themselves again, or, as in the case of tori, come back and intersect themselves infinitely often). 

In the case of complete manifolds, exp is defined on all of TM. 

We note that one sometimes sees the related definition 

expt·: T 1M3e1-t EM, (C.25) 

for example in the proof of Theorem 2.1. 

Differential forms 

Recall from the section on algebraic preliminaries that the dual of a finite dimensional vector space 

is the set of linear maps from that vector space to the base field, and that it is isomorphic to the 

original vector space. Since tangent spaces are finite dimensional real vector spaces, it is very easy 

to talk about their duals, which are called cotangent spacest. Just to point out exactly where things 

stand, tangent vectors are a special kind of linear maps from functions on the manifold to the real 

numbers - and now we have cotangent vectors which are all of the linear maps taking that set of 

maps into the real numbers! The basis of the cotangent space that is dual to the standard basis of 

the tangent space is denoted { dui}. 

Definition C.18. The cotangent bundle of a manifold is the union over x in M of all the the cotangent 

spaces. 

If we wanted to, we could write this in the careful way we wrote the tangent bundle above. 

All of the same ideas apply. In particular, we can define sections of the cotangent bundle. We are 

especially interested in the smooth sections, which we give a special name. 
tThis name has even less to do with the cotangent function from trigonometry than tangent spaces have to do with the 

tangent function - which is, admittedly, something, but not a lot. 
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Definition C.19. A smooth m-section of the cotangent bundle (that is, a choice of m vectors in each 

cotangent space that varies smoothly with respect to the smooth structure on the cotangent bundle) 

is called a differential m-form (this is usually just shortened tom-form). We extend this in a slightly 

odd way by say that smooth functions on the manifold are zero forms+. The collection of all m-

forms (m E 0, 1, ... ) is the set of differential forms (or sometime, just forms). After lumping them all 

together, we sort them back out again by saying a differential form has degree m if it is a m-form. 

The fundamental binary operation on differential forms is the /\ product ('wedge product'). This 

is defined by the action of differential 1-forms on tangent vectors and its important because it defines 

the action of differential m-forms for higher m on lists of tangent vectors, i.e. on sections of the 

tangent bundle. (The key point is that the m-form is associated with the wedge product of all of the 

1-forms that make it up.) 

Remark C.14. The standard short-hand for lists of m vectors ism-vectors. 

If w is am-form and vis a p-form, their wedge product w /\ v takes an ( m+p )-vector ( 6' ... 'em+p) 

to the number 

(C.26) 

If w and v are 1-forms this complicated expression reduces to 

L sign(a)w(ea(1))v(ea(2)) = w(6)v(6) - w(6)v(6); (C.27) 
(52 

In the case that one of the factors is a zero form, things get even easier since the wedge product 

reduces to standard multiplication. 

In the case of a one form and a two form, the expression is almost as simple as it is for two one 

forms; and from here, various properties can be deduced§ by induction. 
+Actually, I think that this might not be so odd; it might make sense for it to be standard practice to say that smooth 

functions are zero sections of any bundle 
§Or, induced. 
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There are three fundamental unary operations on differential forms; their names are l, d, and 8. 

Actually, to be precise, l is map defined from vector fields into the space of operators on differ-

ential forms. The definition is that l(V) takes m-forms to (m - 1)-forms that act by the following 

rule: 

(i(V)w)(6, ... , = w(V, 6, ... , 

The map l is called the substitution operator. (At last, a nice, descriptive name! - the reason we use 

the symbol 'l' is perhaps less clear at this point; the reason is that l is associated with integration.) 

The operator dis called the coboundary operator; it is a map from m-forms to (m + 1)-forms, and 

it is defined by these properties: 

1. d(w+v)=dw+dv 

2. d(w /\ v) = dw /\ v + (-l)degree(w)Adv 

3. ddw = 0 

4. for all zero forms f, df = l;;dui 

The 'd' appearing at the beginning of 'du/ is a special case of this 'd'. 

At this point we go on to define a couple of essential operations that have something to do with 

forms. The following two definitions are almost impossible to keep straight, so pay 

Definition C.20. The pushforward of a map <.p : M -+ N is a map <.p* : TM -+ TN defined so that 

so that if 'Y is a curve in M with tangent at time to, then <.p* is the map that ET M to 
the spirit of SOHCAHTOA, the acronym BOTCGNTTOFFEPF (Bottom On Tangents, Curve Gives New Tangent; Top On 

Forms, Form Eats Push Forward) may serve as a mneumonic tool to help the reader remember which one is which, and what 

they do.) 
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the vector in TN that is tangent to the curve ip( 1'( t0 )). 

The map ip* is sometimes called the differential of ip and written as dip. One can explore the 

relationship of this 'd' to the one above. 

Definition C.21. The pullback of a differential form is defined whenever we have a smooth map 'P 

between two manifolds, say ip : M -+ N. If v is a form on N, then ip* ( v) is a form on M determined 

by 

Since have been talking about a coboundary operator, it might seem that we should have already 

at least mentioned the boundary operator. In fact, we have used this operator throughout the thesis, 

although we have not been terribly explicit about what we were doing. The boundary operator we 

are refering to just finds boundary of subsets in the manifold, in symbols, 8 A = A\ A 0 for all A c M. 

It is a basic topological property that 

88A=0 (C.28) 

for all subsets A. We are using the prefix 'co' approximately as we used it to talk about the cotangent 

bundle, i.e. we are talking about objects that are dual to one another in some sense. So far, we have 

defined the coboundary operator to act on the space of differential forms, which in turn act on the 

space of sections. We now use the definition of the action of differential forms on sections to define 

their action on domains. The way we let a differential m-form w act on a m-dimensional domain 

C is by integrating; we define Jn w to be J{pEfl} w(6(c), ... , where is the ordered 

basis for Tpn. 

The coboundary operator d is dual to the boundary operator 8 in the sense that 

r w = r dw. lan Jn (C.29) 

This important equation has a name: it is called Stokes' Theorem. A nice proof of Stokes' The-

orem is written down in [18]. We note that in the special case that n is the boundary of some set 
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A, C.28 implies that the left hand side of C.29 is zero. Hence, we deduce that the integral over a 

boundary of the co boundary of any form is zero. 

Our last word on special operators applies to the operator 8. It extremely interesting, and we 

can not get away without mentioning that it is extremely useful for talking about the shape and 

structure of manifolds, and that there is a dual operator that does the same thing for domains. But 

that is where we have to stop. 

There are various inner products and norms defined on differential forms, and we close this 

section with a list of the most important ones. 

Definition C.22. We say an m-form is simple if it can be written as a one-term sum. 

We can define an inner product between simple forms w = w1 /\ ... /\ Wm and v = v1 /\ ... /\ Vm 

based atp by 
m 

( (w, v)) = L sign( a) 11 (wu(k), vk)p· (C.30) 
uE6 k=l 

(We will only use the double angle bracket notation in the appendix.) 

The term on the right of Equation C.30 is clearly equal to 

m L sign(a-1
) 11 (wk,Vu-l(k))p, 

uE6 k=l 

and so our definition is symmetric. Linearity of the standard inner product on vectors extends the 

definition to all m-vectors. The norm induced by this inner product is called the Riemannian norm. 

Remark C.15. Since we can easily take an m-vector and define a m-form (by taking the wedge 

product of all of the vectors in the list), we can use the above definition to define a product between 

m-forms and m-vectors, which we also denote by((·,·)). 

Definition C.23. The mass of a differential m-form w is 

mass(w) = sup{((w,2));3 is an m-vector, and comass(S) :S 1} 

where comass is about to be defined. 
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Definition C.24. The comass of a m-vector 3 is 

comass(B) = sup{((w,B));w is an m-form,e is simple, and lwl::;; 1} 

(here I · I denotes the Riemannian norm). 

Isometries 

Definition 7.1. A map <p from M to M is an isometry if for all p E M, if e, 'fJ E TpM then g( e, 'TJ) = 

g(<p*e, <p*TJ). 

We state without proof the fact that the set of isometries for a manifold form a group; this group 

is appropriately called the isometry group. 

Definition C.25. The quotient of a manifold by its isometry group is the set obtained by identifying 

each point with the point(s) in its orbit(s) under the isometry group. 

D Analytic Preliminaries 

Charter Review of the basic results of Analysis germane to our discussion. 

Measures 

Note the similarities between the following definition and the definition of a topological space (see 

appendix on Topological Preliminaries). 

Definition D.1. Measureable space This is a pair (X, M) such that M is comprised of subsets of X 

and has the further additional properties 

i. XE M. 
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ii. The complement in X of any A E M is again in M. 

iii. countable unions of elements of M are again in M. 

If M satisfies all of these properties, it is called a a-algebra. The elements of M are then the 

measurable sets of X with respect to Mor just measurable sets. 

Definition D.2. A measure is a function µ taking a a-algebra M into the complex numbers C with 

the property that µ(0) = 0, and that satisfies an additional criterion, namely that for all countable 

disjoint collections {Ai; Ai E M}, 

00 

µ =I: µ(Ai)· 
i=l 

Functions with this property are said to satisfy countable additivity. 

Remark D.1. Reasonably, we say that such a functionµ is a real measure if its image is contained 

in the reals. Slightly less reasonably, but rather, according to convention, we say that a measure µ is 

positive if its image lies in the interval [O, oo]. 

The definition of a positive measure is unreasonable for two reasons: the first is easy to catch, 

namely it might be better to call such measures non-negative rather than positive, because zero 

is not positive. The second reason is that even though we allow oo into the range of a positive 

measure, oo f/:. C, so by the above definition for measure it would never be hit. We make the special 

dispensation that µ may assign oo as the measure of a set as long as µ is positive. 

We put this all together into one main definition as follows. 

Definition D.3. A measure space is a measurable space (X, M) together with a measureµ defined 

onM. 

Remark D.2. The definition of a measurable space is frequently written out as a triple, (X, M, µ), 

rather than as a pair ((X,M),µ). Per usual, if S = (X,M,µ) is a measure space, p E S means 

p EX (and in particular, a map defined on Sis a map defined on X.). 



APPENDICES 200 

The structure of maps on measure spaces are understood in terms of the measurable sets of the 

underlying a-algebra. 

Definition D.4. A mapping from a measure space (X, M, µ) into a topological space (Y, r) is mea-

surable if the inverse image of every open set U Er is an element of M, i.e., is a measurable set. 

Remark D.3. When talking about a measure space, we say that a set is µ-measurable if it is in the 

underlying a-algebra. The terms 'almost everwhere', 'almost all', or, more specifically, 'µ-almost all', 

'µ-almost everywhere', etc. when used to describe some property of a measure space mean that the 

property holds at all points except some set of µ-measure zero. 

Example. A simple function on a measure space S is a map taking S into [O, oo) c C that has only 

finitely many points in its range. 

Since the range of a simple function p defined on S is finite, S splits into a finite number of 

subsets Ai, ... , An such that p(A1 ) = ai, ... , p(An) =an. We can therefore write 

n 

p= LaiXAi, 
i=l 

where the 'x's are indicator functions, defined in general by XA : S -+ { 0, 1}, p i-+ 1 if p E A, p i-+ 0 

else. 

A simple function pis measurable if and only if all of the 'A/s are measurable, since the inverse 

image of an open interval will be a union of some subset of the 'A/s and so measurable if all of the 

'A/s are by item (iii) of the definition of a a-algebra; on the other hand, if Ai, say, is not measurable, 

then the inverse image of some small open interval about a1 is equal to Ai and p then not measur-

able. 

(We can show that there is a sequence of simple functions that approximate any given measurable 

function if need be.) 
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Abstract integration 

Rudin [ 45] treats this very thoroughly; the reader is refered to him for most of the proofs. 

Definition D.S. If S = (X, M, µ) is a measure space, EE M and p = 2::7=1 aiXAi is a measurable 

simple function on S, we define the integral of p over E with respect to the measure µ by 

/, pdµ = ta;µ( A; n E). 
E i=l 

In general, if f: S-+ [O, oo] is measurable, we define the (Lebesgue) integral off over E with respect 

to the measure µ by 

f f dµ = sup { p dµ. J E p simple, J E 
O<_Sp'.5:/ 

In the case of measurable simple functions, it is easy to see that the two definitions give the same 

result 

We get all the standard properties we expect of integrals (i.e., integration respects majorization, 

is linear, etc.). These things are fairly easy to see for simple functions (we use countable additivity 

as needed) and then they carry over to the rest of the measurable positive functions because we can 

approximate such functions pointwise from below by a sequence of simple functions (so the supre-

mum in the definition of the integral is ) . A proof that we can approximate measurable functions by 

simple functions in this manner is not at all difficult, but for our purposes a sketch will suffice: the 

idea is to approximate f from below wherever its values lie in [O, n] by a simple function whose accu-

racy of approximation depends on n. Wherever f takes values greater than n, it is approximated by 

a step of size n. As n grows, we specify a finer and finer approximation on a growing finite interval, 

and so we converge wherever f takes finite values. If f takes the value infinity at some point or on 

some interval, it is approximated there by a sequence of steps of size n. 

We also get a number of new consequences that show the superiority of the Lebesgue integral to 

the Riemann integral. 
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Theorem D.1 (Monotone Convergence). Let Un} be a sequence of measurable functions on a 

measure space S = (X, M, µ)and suppose that 

i. 0:::; fi (x) :::; ... :::; oo for every x E S. 

ii. f n(x) -+ oo as n-+ oo for every x E S. 

Then f is measurable and fs fn dµ-+ fs f dµ. 

Theorem D.2 (Fatou's Lemma). If Un : S -+ (0, oo]} is a sequence of measurable functions on a 

measure space S = ( X, M, µ), then for each positive integer n we have 

r liminf fn dµ:::; liminf r fn dµ 
} S n-too n-too } S 

We now extend the definition of integration to cover integration of complex functions. This is 

the general definition of the Lebesgue integral. 

Definition D.6. The Lebesgue integral over any measurable set is defined by breaking the function 

into its positive real, negative real, positive imaginary, and negative imaginary parts (which then 

all give positive functions), and integrating each seprarately, then multiplying by 1, -1, i, or -i as 

appropriate and summing. 

Associated with this is the class of 'integrable functions'. 

Definition D.7. The space £ 1 (µ) is the set of functions defined on all of S = (X,M,µ) with the 

property that 

fs 111dµ<00. 

Theorem D.3 (Dominated Convergence). Suppose that Un : S -+ C} is a measurable sequence 

of functions on a measure space S = ( X, M, µ) with the property that limn-too f n ( x) exists for every 

x E S. We call this function f ( x). If there is a function g E £ 1 (µ) such that for all positive integers 

n and all x E S we have 

If n(x)I ::S g(x) 
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then we conclude the following properties must hold for f: 

1. f E L 1(µ) 

2. limn-too Is If n - f I dµ = 0 

3. limn-too Is f n dµ = Is f dµ. 

Finally, we state one other related theorem: 

Theorem D.4 (Fubini's Theorem). Let (X, S, µ)and (Y, T, ,\)be a-finite measure spaces and let f 

be an (S x T)-measureable function on Xx Y. 

• If 0 f oo and if for all x E X and y E Y we have 

cp(x) = l fx d,\ 

and 

l/J(x) = l fY dµ 

then cp is S-measurable, 'ljJ is T-measurable, and 

r <p dµ = r 1 d(µ x ,\) = r <p d,\ ix lxxY }y 

• If f is complex and if 

and 

l <p * dµ < 00 

then f E £ 1 (µ x ,\) 
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• If f E £ 1 (µ x ;\),the fx E £1(;\) for almost all x EX, fY E £ 1 (µ) for almost ally E Y and the 

functions <p and 'if; 

Lebesgue measure 

Definition D.8. A Borel measure is a measure on open sets. 

Theorem D.S. Up to a constant multiple, there is a unique translation invariant positive Borel mea-

sure on Rn. 

Remark D.4. This measure is called the Lebesgue measure. In general, an isometry invariant mea-

sure is called a Harr measure. Each of sn and Hn has, again up to a constant multiple, a unique Harr 

measure. 

Remark D.S. Note that the Harr measures are in some sort of abstract sense like the Levi-Civita 

connection. Both respect the basic geometrical structures of the spaces they are defined on. 

Miscellaneous 

Definition D.9. The lim inf (lim sup) of a sequence of functions is ... 

Definition D.10. A function f is upper semi-continuous with respect to a metric 8, if 

8(ak,a) -t 0 => limsupf(ak)::; f(a). 
k-+oo 

Definition D.11 (Alternative definition, see Rudin, p. 39). A function f on a manifold Mis upper 

semi-continuous if { x : f ( x) < a} is open for every real a. 

Definition D.12. A function or form or whatever has compact support if the set on which it takes 

nonzero values is compact. 

Definition D.13. A function from one metric space (X) to another (Y) is said to satisfy a H6lder 

condition of order a or to be Holder continuous if there exist Mand a such that for all x, y EX we 

have dy(x,y) < M(dx(x,y))a. 
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Definition D.14. A function is Lipschitz if the a in Definition D.13 is equal to one. 

Definition D.15. A function is Holder contiuously differentiable or ci,a if is differentiable and the 

differentiated function satisfies a Holder condition of order a. 

Definition D.16. A semi-norm is a real valued function p(x) defined on a vector space such that 

i. 0::; p(x) < oo, 

ii. p(x, y) ::; p(x) + p(y), 

iii. p(ax) = lalp(x). 

Definition D.17. A function is real analytic in a neighborhood of p if there is a convergent power 

series with real coefficients with center p such that at every point in the neighborhood the value 

of the function and the sum of the power series coincide. (Complex analytic functions are defined 

similarly.) 

E Variational Calculus 

Charter. We should understand how to find extrema for functionals defined on a set of geometric 

objects. 

We won't be able to fully deal with this charter, but we will do what we can. We begin with a 

definition that has little or nothing to do with variational calculus. 

Definition E.1. The second fundamenatal form of an n-dimensional manifold M is defined in terms 

of local coordinates at a point p E M by using the fact that by embedding M in some higher-

dimensional RN, we may view M locally as a graph of some function f P : TpM --t R, where at each 
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point R is viewed as a line in the direction of some normal vector to M at p. Specifically, we put 

(E.31) 

where Xn, ••. , Xn are coordinates for TpM. The matrix Seep ( M) defines a bilinear form on TpM, 

which we call by the same name. 

Remark E.1. Since Seep(M) is symmetric, we can choose a basis for TpM so that it becomes di-

agonal (see for example [20, page 266], and think about the geometrical content of the Corollary 

there). The numbers on the diagonal are called the principal curvatures of Mat p and are tradition-

ally labeled K-1, ... , K-n· 

Definition E.2. The mean curvature of M at p is defined to be 

H = trace(Seep(M)). 

The name 'mean curvature' might make more sense of course if H was defined to be trace( Seep ( M)); 

however, several nice equalities depend our definition. 

Definition E.3. Given a smooth, compactly supported vectorfield V defined on M first variation of 

area for a manifold with respect to V is defined to be 

c51 (M) = dd I area(M+tV), 
t t=O 

where M + tV means the geodesic flow at time t of points in M in the directions given by V. 

The first variation of area measures the infinitesimal change in area due to an infinitesimal 

change in the shape of the manifold. 

Theorem E.1. The first variation of area is given by integrating against mean curvature as follows: 

where v is a unit normal to M 
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We need a simple lemma. 

Theorem E.1. Changing the radius of a circle of radius r = 1 / K, by dr changes the arclength of an 

infinitesimal sector from ds to (1 - K,dr)ds. 

Proof. Putting the new radius equal tor'= l/k- dr and the length of the new sector equal to (ds)', 

we need to prove that r/:- = ( . But ds = rd(}, so ( ds)' = r' d(}. QEF 

Proof of Theorem E. l. Since integration is linear, we can decompose V into normal and tangential 

components, and integrate each separately. In the case of a purely tangential variation, the surface 

does not change area, so the theorem is correct. In the case of a purely normal variation, we may 

write V = V v; then, by refering the the preceeding lemma to see what happens in each direction, 

we find that an infinitesimal area du1 /\ •.• /\ is distorted to 

(E.32) 

where the 'K,/S are the principal curvatures. Equation E.32 is equal to 

(1- Vv · Hv)du1 /\ ... /\ (E.33) 

i.e. 

(1-V · Hv)du1 /\ ... Un/\. (E.34) 

The initial rate of change in area is measured by integrating this over the manifold and then sub-

tracting off the integral of du1 /\ ... uni\ over the manifold. The theorem follows. QEF 

With the idea of a variation now in mind, we might, if we had time, go on to prove lots of things. 

For example, geodesics can be studied from the variational viewpoint. However, we don't have time 

for that. 

The main thing we are interested in showing is that H = d(Area)/d(Volume); we use the result 

of Theorem E.1, and state this as a proposition. 
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Theorem E.1. The mean curvature of a surface S at a point is given by the derivative of area with 

respect to volume d(Area)/d(Volume). 

Proof. Since we are concerned with the behavior at a point, we can assume that the change in 

volume comes from a variation vector field that is defined on an infinisimal piece of area, and so 

can be considered constant. From Theorem E.1, we then have dA/dt = H Is f. Since everything is 

inifintesimal, we have dV/dt = Is f. The chain rule dA/dV = (dA/dt)(dt/dV) = (dA/dt)(dV/dt) 

then finishes the proof. QEF 

This proposition means that for our problem, we can think of mean curvature as an exchange 

rate (how much area is obtained for a certain amount of volume, or vice versa). A little thought 

then shows that the each of the surfaces separating two given components of a minimizer for the 

least-area problem with volume constraints have globally constant mean curvature. Of course, as 

with the standard double bubble, different pieces of surface may have different curvatures, because 

as we showed at the end of Chapter 2, curvature is proportional to pressure difference. 

The ideas behind the following two definitions are undercurrents of the entire thesis: 

Definition E.4. A surface is stable for the least-area problem if small variations do not decrease area. 

Definition E.5. A surface is in equilibrium for the least-area problem if for any variation that fixes 

volumes, the first variation of area is zero. 

This has been a very quick and incomplete introduction to the subject of variational calculus, giv-

ing us only the bare minimum of what we need for this thesis. There are many places to read more; 

[?] is good for further applications to area-minimization and geometric measure theory. In partic-

ular, there (in Part B) we find a very general and elegant description of the category of variational 

problems - which again, there is not time to talk about here. 



indices 

Dramatis Personre 

y 

Tz 

T3 

8 

{P 

0 

n-dimensional Euclidean space 

n-dimensional Spherical space 

n-dimensional Hyperbolic space 

a disk of radius r centered at p 

a double bubble 

an isoperimetric profile 

a two-volume least-area function 

Gauss space 

the standard partition of Gn into three equal pieces 

a two-torus 

a three-torus 

a standard double bubble 

a double band 

a band lens 

an octagon square 
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the characters of the appendix 

x 
T 

a set of points 

a topology 

a manifold 

a point in M 

the tangent space to M at p 

a differentiable map 

a a-algebra 

Also necessary throughout are various numbers, unary and binary operators, delimiters, etc. 
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The play has been performed in its entirity only once, in the Great Oklahoma Theater, where it 

was directed by Joseph K. (see [26]). That production included a cast of thousands. An abriged 

version is to be presented in the Soo Bong Chae Memorial Auditorium, May 6, 2002. 

Index of notational conventions used in this thesis 

Euclidean space 

Many authors (Dubrovin et al. [11] for example) use a notation such as En for what I am calling 

Rn, and they write their definitions in terms of the structure of the isometry group. However, in one 

of the more interesting turns of mathematical fate not treated it this thesis due to time constraints, 

we can recover the isometry group structure from the geometrical/vector space definition. 

Subscripts 

Whenever possible, I avoid them and write things out using parentheses. Exceptions include a finite 

enumerated set, a countable enumerated set, and an uncountable set indexed by a real parameter, 
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and vector spaces associated with points on a manifold (TpM, NpM, etc.) 

This results in a non-standard notation for connections and derivations. 

Volumes and Regions 

211 

We denote a volume by a lower case letter, and a given region containing the volume by the corre-

sponding upper case letter. For example, if we are considering a double bubble containing volumes v 

and w in S3 we let u = IS3 I - v - w be the volume of 'U', the complement of the double bubble. The 

space has then been divided into three regions, U, V and W. Similarly with other compact spaces. 

For non-compact spaces, we typically refer to the complement of a bubble cluster as the exterior. 

Note that the space itself does not have to follow the casing rule, e.g. as in this paragraph we 

will use S3 to denote the unit radius three-sphere, and 183
1 to denote its volume. 

Finally, we note that if we start with V (an old-style 'U') and then go to W, it is only fitting to 

have the m th volume be vm. 

Proofs 

QEF stands for quad erat faciendum which translates as 'what was to be done'. (QED stands for 

quad erat demonstratum, 'what was to be demonstrated'.) Both used to be used, and were even 

found interspersed in the same document sometimes. One text that used both is Galileo's Dialogs 

Concerning Two New Sciences [15]. I use QEF to mark the end of proofs first as an homage to that 

book, and, secondly, because I feel that that if the thesis demonstrates anything, it does so as a 

whole, and certainly not as frequently as after every proof. 
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Technical details. 

The final form of this thesis was composed using xemacs, ffi'EX, dvips, and xmodmap on a Hewlett-

Packard Pavillion 6330 running Mandrake Linux 8 together with a keyboard from Kinesis Corpo-

ration. The line figures were produced using the pstricks package for ffi'EX, except for the various 

conjectured minimizers appearing in Figure 7 .1 which were drawn by Surface Evolver, and for a few 

which were drawn by hand. 

Raytraced pictures of the tiled Euclidean plane and of the sphere appearing in Chapter 1 do so 

with the permission of their creators (in theory). The screenshot of Asteroids was taken with xv and 

edited slightly with the GIMP. 

The phase diagrams in Chapter 6 were produced with Mathematica. The phase diagram in Chap-

ter 7 was produced using Surface Evolver, perl, GNUPlot, and the GIMP. Computing the data for this 

phase plot in Surface Evolver took about 8 hours on 26 Dell PCs running in parallel. 

'fypeface. The text of this thesis is set in the "Charter" font available in standard ffi'EX. Not only 

is this font nice and readible, but its name makes it fit nicely into one of the major themes of the 

thesis. 
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